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Preface

Nonlinear Structures & Systems represents one of twelve volumes of technical papers presented at the 43rd IMAC, A Con-
ference and Exposition on Structural Dynamics, organized by the Society for Experimental Mechanics, and held February
10-13, 2025. The full proceedings also include volumes on Dynamics of Civil Structures; Model Validation and Uncertainty
Quantification; Dynamic Substructuring & Transfer Path Analysis; Special Topics in Structural Dynamics & Experimen-
tal Techniques; Computer Vision & Laser Vibrometry; Dynamic Environments Testing; Sensors & Instrumentation and
Aircraft/Aerospace Testing Techniques; Topics in Modal Analysis & Parameter Identification I&II; Data Science in Engi-
neering; and Structural Health Monitoring & Machine Learning.

Each collection presents early findings from experimental and computational investigations on an important area within
Structural Dynamics. Nonlinearity is one of these areas.

The vast majority of real engineering structures behave nonlinearly. In many cases, nonlinearities can even be exploited
to achieve novel functionalities. Therefore, it is necessary to consider nonlinear effects in all of the engineering design steps,
both in the experimental analysis tools (so that the nonlinear parameters can be correctly identified) and in the mathematical
and numerical models of the structure (to run accurate simulations). In so doing, it is possible to create models representative
of the reality that can be used for better predictions once validated.

Several papers address theoretical and numerical aspects of nonlinear dynamics (covering rigorous theoretical formula-
tions and robust computational algorithms) as well as experimental techniques and analysis methods. There are also papers
dedicated to nonlinearity in practice where real-life examples of nonlinear structures are discussed.

The organizers would like to thank the authors, presenters, session organizers, and session chairs for their participation
in this track.

Editors:
Ludovic Renson–Imperial College London, UK; Robert Kuether–Sandia National Laboratories, USA; Paolo Tiso–ETH
Zürich, Switzerland, Drithi Shetty – University of South Florida, USA.
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Chapter 1Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Dynamics Research Group, Department of Mechanical Engineering, University of Sheffield, Sheffield, UK 
e-mail: g.tsialiamanis@sheffield.ac.uk 
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Linear and Nonlinear Response of a Continuous-Interface BARC:
FEA Prediction and Test

Sean Magoffin, Brooklyn Andrus, Matthew S. Allen, and Raymond Joshua

Abstract This paper presents the results of finite element modeling and linear and nonlinear testing of a BARC structure
with a continuous interface (as opposed to the split-interface BARC). Before the actual hardware was constructed, blueprints
were used to create a FEM in which the bolts were modeled in detail, including contact at the interfaces due the expected
preload based on the bolt torque specs. This model was used to predict the linearized natural frequencies, to infer which
modes might exhibit nonlinearity, and then quasi-static modal analysis was used to predict the amplitude dependent natural
frequency and damping for the modes that were expected to exhibit the strongest nonlinearity. Once the FEM predictions
were mostly complete, a BARC was constructed based on the blueprints and tests were performed to measure its linear
modes and characterize those modes that exhibit nonlinear behavior. The linear modes measured in test are compared to
those computed from the FEM about the preloaded state. Additionally, for those modes where significant nonlinearity was
observed, quasi-static modal analysis (QSMA) was used to predict their amplitude dependent natural frequencies and damp-
ing ratios.

Keywords BARC · Quasi-static modal analysis · Nonlinearities · FEA

Introduction

The Box Assembly with Removable Component (BARC) structure was created in 2017 to provide a common benchmark
structure to evaluate dynamic environment testing methods [1]. State of the art environmental testing methods do not consider
nonlinearity, although one could argue that they seek to capture it by testing the component of interest at high enough levels
that any nonlinearities would be observed. In any event, while many studies have tested and modeled the BARC over the
past decade, very few focused on its nonlinear behavior. On the other hand, because the removable component consists of
three parts bolted together, it can behave nonlinearly and experimental campaigns have noted this since it was introduced.
This work presents a first effort to characterize the nonlinear behavior of the continuous-interface BARC structure, both
experimentally and using nonlinear finite element simulations.

This study is a complement to the various studies that have used experimental modal analysis to extract the linear modes
of the BARC and compared those with modes from finite element models. For example, Alvis and Schoenherr [2] used
the BARC to perform a detailed study on the best practices for modeling bolted interfaces. Their study, as with others,
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[3][4][5][6] focused on the low amplitude, linearized behavior. Several studies have had good success in creating finite
element models that correlated very well with measurements of the natural frequencies and mode shapes of the BARC,
although most have noted that care had to be taken in modeling the bolted connections appropriately. The authors found very
few studies that quantified the nonlinear behavior of the BARC. Takeshita’s thesis [7] and some precursor papers did explore
this somewhat, in particular the randomly excited response of the BARC to a base input. No other detailed studies were found
before this paper had to be submitted. In this work the BARC is tested and simulated in free-free conditions. Note also that
this study focuses on the continuous-interface BARC, while many prior studies have focused on the split-interface BARC.

In undertaking this study, the authors began with blueprints of the BARC structure, and the finite element models were
created from those before any hardware had been machined. The authors did have the benefit of comparing their results
to other papers that had also modeled this structure, but other than that the predictions were blind in that the linear and
nonlinear testing was not performed until after the finite element models had been created and debugged. The FEM included
a simplified, three-dimensional model of the bolts, which were preloaded based on the torque specified in the assembly
drawings. The FEM was created in Abaqus, which solved the nonlinear contact problem to obtain the preloaded state of the
bolts and contact between the components. Linear modal analysis was performed about this preloaded state. This produced a
prediction of the linearized natural frequencies of the BARC that didn’t depend on model updating. Similarly, the nonlinearity
in the BARC was predicted using quasi-static modal analysis [8], which consists of applying static loads in the shape of a
mode of interest in order to predict its amplitude dependent natural frequency and damping ratio. This was also performed
before any nonlinear tests had been performed. Hence, the paper presents an idea of the predictions that might be obtained
with these tools based only on the nominal design of the components. These predictions are then compared with the actual
test measurements.

The following section details the finite element model that was created, the validation steps that were performed, and
the linear and nonlinear results obtained. Then Section 3 discusses the manufacturing of the actual BARC and the linear and
nonlinear tests that were performed. The FEM and test results are then compared and conclusions are presented.

Creating a Finite Element Model of the BARC

A 3D finite element model (FEM) of the BARC was created using Abaqus from the provided drawings. The joints were
modeled by creating simplified 3D bolts that were meshed with solid elements, as was found to work well in [2] as well as
in the authors’ prior work [9, 10]. The structure was preloaded by applying a bolt load in Abaqus to the middle surface of
each bolt (see Figure 1) and then fixing the bolt length in the subsequent step. The specified torque values were converted
to preload values using the plot of preload force versus torque found by Wall et al. in [11]. Furthermore, in [10] the best
agreement with measurements was found when using a friction coefficient of 0.2, so this was used in Abaqus even though
this is a lower value than typically expected for steel-on-steel contact.

(a) (b)

Fig. 1 (a) The surface that the bolt load is applied to is highlighted in red. (b) Yellow arrows represent the applied preload
to those surfaces of each bolt.

The regions where contact was defined are shown in Figure 2. Notice that the interfaces between the bolts and the
respective parts are tied in Abaqus instead of having contact defined because Jewell et al. [9] found these regions to contribute
a negligible amount of damping and nonlinearity when similar joints were in a state of microslip.

The model was meshed with 3D, 8 node linear brick elements with reduced integration (C3D8R in Abaqus). In order
to reduce the number of nodes in the model a separate part in Abaqus was created for the contact region on the box and is
shown in Figure 4. These parts were then bonded together using a tie in Abaqus.
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(a) (b)

Fig. 2 (a) surfaces where contact was defined and (b) example of where a tie was used between the bolt heads and their
mating surface.

(a) (b)

Fig. 3 (a) Separate parts created for the contact region, which had a fine mesh so that the contact could be resolved. (b)
Remaining part of the box assembly, which had a coarser mesh. The parts shown in (a) were connected to the box using tie
constraints.

Splitting the box into three parts as shown allows one to use a coarser mesh on the box without losing the ability to mesh
the contact region finely so that contact at the interface could be resolved. This technique brought the number of nodes from
≈ 218,000 in our initial model to ≈ 110,000, essentially cutting the size of the model in half. These models are denoted
the 218k model and the 110k model respectively in the following. To verify this technique, modal analysis was performed
on both models and the natural frequencies of the first ten elastic modes were compared. The maximum and average errors
were 3.24% and 2.05% respectively between the two models. This confirmed that the two models were acceptably similar
while also minimizing the number of nodes. The authors also created a third model, called the 190k model, which had a
similar density of elements as the 110k model over the box, but a much finer mesh over the contact region. The 218k model
was used to compute the linear natural frequencies and mode shapes in all results below, because that computation was fast
with either model. In the following subsection the results of quasi-static modal analysis are shown for these models and the
computational savings are discussed.

Abaqus then solved for the linear mode shapes and natural frequencies of the preloaded structure with free-free boundary
conditions. Figure 4 shows the first ten resulting mode shapes and natural frequencies. The results were compared to [5, 12]
and found to agree reasonably well with their published natural frequencies and mode shapes.

Nonlinear Predictions from the FEM

Once the authors were comfortable that the model was giving accurate results, the mode shapes were examined to determine
which might induce the most slip in the joints and hence the most nonlinearity. Mode 2 was chosen as the first promising
candidate because vibration in that mode shears the RC. Quasi-static modal analysis (QSMA) [8] was applied to the FEM
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(a) Mode 1
391.77 Hz

(b) Mode 2
426.02 Hz

(c) Mode 3
523.77 Hz

(d) Mode 4
664.21 Hz

(e) Mode 5
977.38 Hz

(f) Mode 6
1072.9 Hz

(g) Mode 7
1359.7 Hz

(h) Mode 8
1516 Hz

(i) Mode 9
1655 Hz

(j) Mode 10
1699 Hz

Fig. 4 First ten elastic modes of the BARC and their natural frequencies in Hz

to predict the nonlinearity in this mode. QSMA is performed by applying a force in the shape of the mode of interest, and
solving for the nonlinear static response of the structure when subjected to that force. The static load displacement curve can
then be used to compute the effective damping and natural frequency. Details on the QSMA process can be found in [8]. The
predictions from QSMA were obtained before any test data was available. Section presents the test results, which reveal
which modes actually exhibited the most nonlinearity.

Figure 5 shows the damping versus amplitude and natural frequency versus amplitude curves obtained for Mode 2 using
the 218k model. The process was repeated four times, with the force scaled to four different amplitudes, denoted by the
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Fig. 5 Damping and Frequency vs. Amplitude for Mode 2. Each line represents a computation up to s different maximum
force. These results are for the 218k model.
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maximum displacement that each force would produce for the linear structure. These values ranged from 0.0254mm (0.001
in) to 5.08mm (0.2 in). The fact that the four curves agree with each other helps to verify that the behavior is physical and
not an artefact of the numerical solution or function of the contact settings [9].

Figure 5 shows an increase in damping with amplitude as well as a decrease in frequency with amplitude. The damping
increases with amplitude, up to a maximum value of about ζ = 0.005, while the natural frequency decreases by about 15
Hz (3.3%). One would expect to be able to detect this level of damping and stiffness nonlinearity in a test. The QSMA
predictions below about 1.0g are noisy, presumably because the mesh isn’t fine enough to smoothly resolve the stick and slip
transitions at this amplitude, so these should be ignored. At low amplitudes material damping would dominate so predictions
are not needed for low amplitudes. At higher amplitudes the FEM shows microslip in the joints, which would likely be the
source of the increase in damping observed here. Figure 7 shows the changing contact area and the slip in the joints as the
analysis progresses. The mesh seems to be adequate to resolve a gradual change in the contact area and the sticking and
slipping regions, providing additional confidence in the predictions.

Figure 6 compares the results between the 218k and 110k models. Although there is a shift in the frequency the trends
between the two match well which helps validate this modeling technique. The 218k model, which had a single part for
the box, took approximately 5.5 hours for the entire QSMA process while the 110k model, which had separate parts for the
contact regions, finished in just under 3 hours. The fact that the results match suggests that one can reduce the computation
time while keeping accuracy when examining a contact interface. This is especially helpful when one needs to run the model
many times, for example to examine nonlinearity in several modes, or to cover a wide range of amplitude for a single mode.
The frequency and damping for the 190k model were also nearly identical to these, so they were not shown here for brevity.
The contact status for the 190k model was shown in Figure 7, where one can see that the overall areas of slip and stick were
similar between the two models.
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Fig. 6 Damping and Frequency vs. Amplitude for mode 2. The red line is from the 110k model and the black line is from
the 218k model.

The authors also suspected that Mode 6 might exhibit nonlinearity, as the deformation of the removable component
tends to want to open and close the bolted joints when the structure vibrates in that mode. QSMA was also attempted on
this mode. Force displacement curves were obtained for a force applied in the shape of Mode 6 in both the positive and
negative directions (i.e. a force that drives the removable component upward and downward respectively). These curves
were compared and found to be significantly different. As a result, the standard QSMA approach could not be used on this
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(a) (b)

(c) (d)

(e) (f)

Fig. 7 The slip or stick status of the contact region on the box. (a), (c) and (e) show the 218k model, which has ≈ 5,600
nodes in the contact region while (b), (d) and (f) show the 190k model, which has ≈ 44,600 nodes on the contact region. (a)
and (b) show the status at the beginning (≈ 1g), (c) and (d) the middle (≈ 500g), and (e) and (f) at the end (≈ 4000g) of the
QSMA analysis.

mode. One could instead use the approach developed by Shetty et al. [13], but time did now allow the authors to pursue
this. instead it was simply noted that, based on the QSMA results, this mode might be expected to exhibit a bilinear-type
nonlinearity.

Physical Testing

The BARC structure was manufactured per the drawings and instructions available on the Sandia website, which is in the
process of being transitioned to another site hosted by SEM. A few of the washers had to be ground slightly so they wouldn’t
interfere when everything was assembled, but otherwise the structure was built per the drawings and reasonable tolerances
seemed to have been achieved.

https://sandialabs.sharepoint.com/sites/UUR_TestBoundaryConditions/SitePages/Home.aspx
https://wiki.sem.org/wiki/Dynamic_Environments_Testing_Wiki
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Linear Testing and Data Analysis

The BARC structure was hung from a metal frame by looping rope through the box component, then connecting the rope to
0.125 inch bungee cord, which then attached to the frame. Accelerometers were attached to several points, denoted 131Z+,
133Z+, 135Z+, 231X−, 231Y−, 231Z+, and 237Y− and shown in Figure 8. Using a tiny PCB impact hammer, each point
was hit 3 times and averaged to obtain the frequency response functions (FRF) between the hammer and all accelerometers.
The CMIF for the set of FRFs that was obtained is shown in Figure 9, and confirms that each mode appears at a distinct
frequency in the spectrum.

(a) (b)

Fig. 8 (a) Photo of test setup for the BARC structure and (b) Measurement Grid

The set of FRFs was curve fit using the Algorithm of Mode Isolation and the modes below 2kHz were extracted. These
are shown in Figure 10.

Nonlinear Testing and Data Analysis

A series of impacts was performed and the measurements processed to detect and characterize the nonlinearity in each of the
first six modes. Based on the mode shapes shown in Figure 10, points for testing were chosen based on where the greatest
displacement of the removable component was. A medium-sized hammer (PCB 086-C0x) was used for all modes except
Mode 3. For that mode both a medium and large (PCB O86-D0x) hammers were used. Hence, the excitation location should
have been that which best excites each mode. Data was processed in MATLAB using the Hilbert Transform as outlined in
[14], which estimates the natural frequency and damping ratio as a function of vibration amplitude. The curves from various
impacts were then combined into a single graph to check consistency.

Mode 1 responds in both the X and Z directions, and so impacts were applied in both directions. Figure 11 shows
natural frequency and damping that were obtained from each of various impacts. The legend gives the impact number,
maximum force, and the location and direction of the impact (237X−,238X− or 231Z−). The response was measured at
point 231X− for X-direction hits and 231Z− for Z-direction hits. The amplitude on the x-axis is that of the acceleration
at that point, which should be close to the maximum acceleration for the mode in question. Both sets of measurements
show minimal change in the damping ratio, as the impact with the greatest damping ratio range (impact 28) only has a net
change in damping of 0.08%. The natural frequency also shows a small change with amplitude. The results are similar for
the Z-direction in Figure 11(b), although these results seem to show a sudden decrease in the natural frequency at higher
amplitudes. The Z-direction measurements were taken on two different days, and it is interesting to note that the linear
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Fig. 9 Complex Mode Indicator Function for FRFs obtained in the linear test of the BARC

(a) Mode 1
388.7 Hz

(b) Mode 2
427.7 Hz

(c) Mode 3
525.8 Hz

(d) Mode 4
660.2 Hz

(e) Mode 5
980.9 Hz

(f) Mode 6
1166.8 Hz

(g) Mode 7
1350 Hz

(h) Mode 8
1508.2 Hz

(i) Mode 9
1631.6

(j) Mode 10
1721.1 Hz

Fig. 10 First ten elastic modes of the BARC and their natural frequencies in Hz

natural frequency appears to have shifted by about 0.2 Hz from one day to the next. In summary, Mode 1 a slight softening
(stiffness) nonlinearity, yet it is small relative to experimental uncertainty.

Data for Mode 2 was taken on two separate days, 6/4/2024 and 6/7/2024, and as was the case for Mode 1, the linear
natural frequency was slightly higher on the first day. The shift in the natural frequency is once again fairly small, only
about 1.5Hz or 0.3%, all data does show the same trend. The damping increases by a factor of three or four. Both of these
observations agree perfectly with the typical nonlinearity that is exhibited by bolted joints, as seen in [14, 15].

Data for Mode 3 was all collected on the same day, but using both the medium hammer (denoted mh, purple-yellow lines)
and the big hammer (denoted bh, green and blue lines) in Figure 13. This mode was active along the top of the removable
component near the center, so points 233-236 were excited in the negative Z direction. The big hammer didn’t seem to be
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Fig. 11 Mode 1 Natural Frequency and Damping vs. Amplitude. The legend gives the impact number, maximum force,
and the location and direction of the impact (237X−,238X− or 231Z−). Amplitude is that measured at points 231X− and
231Z− respectively.
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Fig. 12 Mode 2 Natural Frequency and Damping vs. Amplitude. All impacts were applied at 232Y− and amplitude is that
measured at points 231Y−.

able to excite any nonlinearity in this mode, as the measurements showed little to no change in the damping and natural
frequency. The tip on that hammer may have been too soft to excite this mode effectively. The medium hammer did appear
to produce changes at high amplitudes, the overall changes in the damping ratio (5e-4) and natural frequency (0.6 Hz or
0.2%) were fairly small.

Mode 4 was tested on 6/14/2024 (red-yellow lines) and 6/18/2024 (green-purple lines) at points 233 and 234 in the –Z
direction. As with previous modes the linear natural frequencies were at slightly different values based on the day the data
was taken, The damping shows no significant trend and while the frequency did decrease consistently on the second day of
testing, the change was small (0.4 Hz or 0.06%).

Modes 5 and 6, shown in Figure 14, were somewhat difficult to process using the Hilbert Transform because they are
somewhat close together and decayed quickly relative to the other modes. Hence, the results were somewhat noisy. Even
then, the variation in these modes is small suggesting that they are behaving linearly.

To confirm that these modes were truly linear, the frequency response (FRF) was computed by dividing the FFT of the
response by the FFT of the input force. The result, in Figure 15, shows that there is not a significant change in the stiffness
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Fig. 13 (a) Mode 3 and (b) Mode 4 Natural Frequency and Damping vs. Amplitude. For Mode 4, impacts 9 and 10 were at
234Z− and all others were at 233Z−. Amplitude is that measured at point 231Z−.
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Fig. 14 (a) Mode 5 and (b) Mode 6 Natural Frequency and Damping vs. Amplitude. Amplitude is that measured at point
231Z−.

or damping of these modes for the various impacts. Mode 5 does show an amplification of about 50% for Impact 17, as
compared to the other tests, but the trend is not consistent for Impacts 18 and 19, which also had lower amplitudes.

Comparing Test Results and Predictions

Linear Mode Shapes and Natural Frequencies

The mode shapes, shown previously in Figures 4 and 10 show a strong visual correspondence between the FEM and test.
These are repeated in Figures 17 and 18 in the Appendix to allow an easier comparison. The natural frequencies are compared
in Table 1. They differed by at most 1.7% except for Mode 6, which differed by 8.0%. This is an opening-closing mode; the
other modes don’t involve this type of motion. Most of the natural frequencies agreed to within 1-2%.
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Fig. 15 Frequency Response Functions (FRFs) computed from several high amplitude impacts, to quantify nonlinearity in
Modes 5 and 6.

Table 1 Comparison of Natural Frequencies between FEM and Test

Mode FEM Test % Diff
1 391.77 388.7 0.79
2 426.02 427.7 -0.39
3 523.77 525.8 -0.39
4 664.21 660.2 0.61
5 977.38 980.9 -0.36
6 1072.9 1166.8 -8.0
7 1359.7 1350 0.72
8 1516 1508.2 0.52
9 1655 1629.3 1.6
10 1699 1721.1 -1.3

Nonlinearity

As was expected based on the FE analysis described in Section , Mode 2 showed the strongest nonlinearity in the test data.
Furthermore, that mode exhibited a classical bolted-joint type nonlinearity, so one would expect QSMA to be effective at
predicting its behavior. Figure 5 and 12 both show an increase in damping with amplitude as well as a decrease in frequency
with amplitude. The damping also increases by a similar amount in both cases (about half an order of magnitude for a two-
order of magnitude increase in vibration amplitude). These results are overlaid in Figure 16. To facilitate the comparison,
material damping of ζ = 0.001 was added to the FEM predictions, as this was clearly manifest in the test data. Note that
the horizontal axis for the FEM data is the peak modal amplitude, or the product of the modal acceleration and the mode
shape at the point where the displacement is largest. For the test data the horizontal axis is the acceleration amplitude at point
231Y−, which appears to be the point of maximum displacement.

The FEM and Test results agree qualitatively, and have similar orders of magnitude. The anomaly in the damping
that was observed in the FEM predictions around 3-6g happens to be the same region in which the test data shows the
strongest nonlinearity; hence it would be wise to refine the model to make sure that the contact is well resolved for this
amplitude. In contrast, if one extrapolates the power law behavior that the FEM exhibits from 200-2000g, that seems to
agree with the lower bound of the test data. The lower bound is typically of interest in measurements such as this, as it
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Fig. 16 Comparison of damping vs vibration amplitude between FEM and test for Mode 2: (black dashed) FEM Prediction,
(colored lines) Measurements

would have the minimum influence from other modes (i.e. see [15]) and hence agrees best with the assumptions made in
QSMA.

It is surprising that the results agree this well. In [10] the authors found that one had to model the interface very carefully,
including any lack of flatness, to accurately capture damping.

The FEM analysis also noted that Mode 6 was likely to behave nonlinearly, with an opening-closing type nonlinearity.
The measurements did not show significant nonlinearity in Mode 6. However, it should be noted that bilinear-type nonlinear-
ities may not exhibit a significant change in the resonance frequency with vibration amplitude [16]. Further analysis would
be required to see if the test data confirms any bilinear behavior of Mode 6.

Conclusion

The Box Assembly with Removable Component (BARC) was modeled using Abaqus FEA software in order to predict the
linear mode shapes and natural frequencies. Then QSMA was performed on Mode 2, which was suspected to have nonlinear
behavior, in order to predict the amplitude dependant damping ratio and natural frequency. These predictions from the FEM
were complete before physical testing on the BARC structure was performed, thus giving blind predictions of the linear and
nonlinear behavior based only on the nominal design of the components.

Once the FEM predictions were well along, the BARC was manufactured and linear and nonlinear testing was performed
on the physical BARC structure. Modal analysis was performed in MATLAB to extract the linear mode shapes and natural
frequencies. The mode shapes were found to visually match those of the FEM and the linearized natural frequencies from
the FEM matched the tests well with typical errors of less than 1% and a maximum of 1.7% error, except for mode 6, which
had an error of 8.0%. Mode 6 involves opening and closing of the joint while the other modes do not have this behavior.
The first six modes were examined for nonlinearity and Mode 2 was found to exhibit a typical joint-type nonlinear damping
behavior while the other modes had minimal nonlinearity. The nonlinearity predicted by applying QSMA on Mode 2 agreed
quite well with the measurements.

This study demonstrates the feasibility of using finite element analysis and QSMA to predict the linear and nonlin-
ear behavior of a component such as the BARC. The linear and nonlinear FEM predictions agreed very well with mea-
surements in this study, but, as was cautioned earlier, research on other structures with joints [10] suggests that predic-
tion may often be much more challenging. Still, these results are encouraging and motivate further use of these predictive
tools.
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Appendix

(a) Mode 1
391.77 Hz

(b) Mode 2
426.02 Hz

(c) Mode 3
523.77 Hz

(d) Mode 4
664.21 Hz

(e) Mode 5
977.38 Hz

(f) Mode 1
388.7 Hz

(g) Mode 2
427.7 Hz

(h) Mode 3
525.8 Hz

(i) Mode 4
660.2 Hz

(j) Mode 5
980.9 Hz

Fig. 17 Modes 1-5 with the FEM being on top and the mode shapes from tests on bottom.

(a) Mode 6
1072.9 Hz

(b) Mode 7
1359.7 Hz

(c) Mode 8
1516 Hz

(d) Mode 9
1655 Hz

(e) Mode 10
1699 Hz

(f) Mode 6
1166.8 Hz

(g) Mode 7
1350 Hz

(h) Mode 8
1508.2 Hz

(i) Mode 9
1629.3 Hz

(j) Mode 10
1721.1 Hz

Fig. 18 Modes 6-10 with the FEM being on top and the mode shapes from tests on bottom.
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Chapter 2Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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www.FreeDyn.at – A free, GUI based multi-body dynamics
software for stand-alone use and with C API for linking it to
Python, Matlab or custom code

Wolfgang Witteveen and Stefan Oberpeilsteiner

Abstract FreeDyn is a free multibody simulation (MBS) package developed by the Upper Austrian University of Applied
Sciences. The precompiled Windows binaries can be downloaded from www.freedyn.at. It features a graphical user interface
(GUI) and a C++ solver which is a modified version of the HHT time integration method. FreeDyn can be used as standalone
software via its GUI or can be linked to other software such as Python, MATLAB, Scilab or custom codes through a C-
Interface.

The new Python interface makes FreeDyn particularly attractive to universities and research groups. Researchers can
outsource multi-body simulations to FreeDyn while addressing unique research questions using Python to call FreeDyn
functions. FreeDyn supports rigid and flexible bodies, force elements and constraints. Users can define state and time-
dependent force and constraint elements using mathematical expressions. Additionally, advanced force elements may be
linked to FreeDyn using a user written subroutine (DLL).

The extended abstract contains a brief review of the underlaying theoretical concepts, a short summary of all modelling
elements and of all callable FreeDyn functions. Furthermore, a simple example will be given in detail to demonstrate the
binding of FreeDyn to Python.

Keywords Multibody Dynamics · Free Software · Python

Introduction and Theoretical Background

FreeDyn [1] is a freely available Windows® software package for the pre- and post-processing and numerical time integration
of multibody dynamic systems. A user interface (UI) supports the intuitive modelling of complex models via typical graphic
oriented methods. The final model can be exported into a solver for the numerical time integration. The results can be read
in again, animated and plotted. The automatically generated equations of motion take on the form

M(q)q̈+Cq
T(q)λ = Q(q, q̇, t)

C(q, t) = 0
(1)

where the state vector q contains the degrees of freedom (dof) of the system. It consists of n sub-vectors containing the dof
of the n modeled bodies. The translation of a rigid body is characterized by the 3 coordinates of the center of mass. For the
parameterization of the rotation, Euler parameters are chosen. The matrix M is the state dependent mass matrix with n block
diagonal entries according to the mass matrices of the individual bodies. The vector Q contains the generalized forces and
the quadratic velocity vector. The constraint equations are collected in the vector C and depend on the state vector q and
the time t. The constraint forces are computed via the constraint Jacobian Cq

T and the vector of the Lagrange multipliers λ.
Readers who are more interested can find more details in the following list:

• On the numerical time integration via an HHT solver see [2].
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• On known problems concerning numerical damping in connection with Euler parameters see [3].
• On flexible bodies see [4] and [5].
• Additional publications on different theoretical and application-oriented topics see [6], [7] and [8].

Available Modelling Elements

Bodies:

• Rigid bodies can either be selected from a library of simple geometries (Sphere, Cone, Cylinder, Box) or imported
via stl or obj file.

• The representation of flexible bodies is based on the Floating Frame of Reference Formulation (FFRF). A text file
is required for the import. If an FE solver does not support the implemented format, a corresponding parser can be
written.

Data Objects:
Data objects can be used to specify parameters and characteristic curves that can be referenced by other FreeDyn elements.
This allows the parametrization of a model.

• A parameter consists of a name and a value. It can be referenced from other FreeDyn elements via its name which will
be replaced by the value when numerical time integration starts.

• A spline can be used to describe a relationship between two quantities. It is defined by certain numbers of interpolation
points. Once defined, the spline can be used with special access functions in force elements and motions.

Measures:

• Translational measures can be used to measure the displacement or velocity between two points of two bodies. In
case of a measure between a body and ground the acceleration can be measured as well.

• Rotational measures can be used to measure the rotational displacement or rotational velocity between two vectors of
two bodies.

Constraints:
Constraints restrict the motion possibilities of two bodies relative to each other. One of the two bodies may be ground.

• A generic constraint restricts one motion along or around one axis. By combining several such generic constraints,
arbitrary or well-known constraints such as “fixed” or “spherical” can be realized.

• Motion constraints can be used to impose a certain motion on a body. The type and characteristics of the motion can
be defined with measures, common mathematical expressions and the former mentioned splines.

• A gear constraint can be used to link the rotations of two bodies via a gear ratio.

Forces:

• Generic forces/torques can act between two bodies or between one body and ground. Measures, data objects and
mathematical expressions are available for a wide range of modelling possibilities of state and time dependent forces
and torques.

• With the external subroutine force element, arbitrary self-written forces can be linked to FreeDyn via a dll. With this
interface, it would also be conceivable, for example, to integrate force elements that are written in Python.

• The tire force element provides a Pacejka tire model which acts between a rotating body and a street profile.
• Force contact offers the possibility to define a contact model between two rigid bodies based on the work and code

published by G. Hippmann, see [7].

Stand-Alone Software or C-Api

Figure 1 illustrates how FreeDyn can be used. The left-hand side indicates the data flow for the use as a stand-alone tool.
The user mainly interacts with the graphical UI. Once the model has been built, the numerical time integration can be started
via a corresponding dialog box and the results are automatically fed back into the UI.
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The right-hand side of Figure 1 illustrates the use of the C-API. The graphical UI can still be used to build up a model
and investigate the results. Once the model has been exported (= model file) it can be referenced via functions calls of
the C-API. The FreeDyn model can then be used and manipulated inside self-written program code like Python, Matlab,
Scilab or custom code. Furthermore, it can be used as a block inside a Matlab/Simulink or Scilab/XCos simulation. For
each current time integration point, all kind of information can be requested from the solver. These are for example the
displacements, velocities, accelerations, measures, constraint forces, Lagrange multipliers, constraint Jacobian, Jacobian of
the full system and other quantities. All this data can be used of optimization tasks or whatever is needed. The interface
can also be used to modify model parameters. These are e.g. integration parameters, model states or forces. To give an
impression of the possibilities offered by the C-API, some of the available commands are listed and explained in more
detail:

• The function call createFreeDynModel(...) creates a FreeDyn model based on a model file name.
• setModelAsActiv(...) gives the possibility to select a specific FreeDyn model. This is of particular importance

when multiple models have been created.
• getModelInfos(...) returns information like the number of degrees of freedom, the number of Lagrange mul-

tipliers and others.
• With getMeasureValueWithMeasureName(...) the content of a measure can be requested.
• The function call solveTimeInterval(...) allows to solve for a time interval. This interval can be very long,

but also be very short, such as one single integration time step.
• getPhysicalDofRelatedVector(...) provides all kind of internal vectors like the quadratic velocity forces,

the acceleration inertia forces, the sum of external applied forces, and others more.
• getModelRelatedMatrix(...) provides all kind of internal matrixes like the state depended mass matrix, the

derivation of the external forces with respect to the generalized coordinates, the constraint Jacobian and others more.

Fig. 1 FreeDyn use as stand-alone tool or via C-API

Python Example

Part of the latest release is the file fdApi.py. It can be included in Python and contains an interface to FreeDyn which
can be controlled and used by the commands defined in this file. The functionality of this interface is explained using
a simple demonstration example. The excitation force of a single-mass oscillator f(t) is searched via a so called “virtual
iteration” in such a way that the mass follows a given motion x(t). The virtual iteration is a proven method of inverse
dynamics and can be found in detail in section 3 of [13]. The method works in the frequency domain and requires the
frequency response (FRF) functions between all outputs and inputs. In an iterative process, the input is changed in the
frequency domain until the deviation of the output from the target curve is small enough. The input and output vari-
ables are transformed back and forth between the time and frequency domain, as the update based on the error takes
place in the frequency domain, but the simulation takes place in the time domain. The single-mass oscillator was mod-
eled in FreeDyn and the model file was stored accordingly. We assume that the FRF between the input f(t) and the out-
put x(t) is already available. In the following the Python code is given for this example. The commands related to the
FreeDyn API are highlighted with yellow color. Fig. 2 holds the result. It can be seen that the mass follows the specified
motion.
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import numpy as np 

import math 

import sys 

import os 

import matplotlib.pyplot as plt 

from ctypes import * 

import utils 

#------------------------------------------------------------------------------------- 

# Initialize FreeDyn API 

# Add FreeDyn API to the system path 

sys.path.insert(0, os.path.abspath(os.path.join(os.path.dirname(__file__), '..', '..', 'fdApi'))) 

import fdApi 

fdApi.init() 

#------------------------------------------------------------------------------------- 

# Initialize FreeDyn model 

# Define filename+path of FreeDynModel 

fds_file_path = os.path.abspath(os.path.join(os.path.dirname(__file__), "singleMassOscillator.fds")) 

# Create and set model as active 

model_index = fdApi.createModel(fds_file_path, 'no') 

if model_index < 0: 

    sys.exit("Error: Failed to create model") 

fdApi.setModelAsActive(model_index) 

states = fdApi.generateStateVectors() 

#define name of variable to be modified (excitation force) 

spline_label = "forceSpline" 

#------------------------------------------------------------------------------------- 

# Prepare time vector according to model 

v_time = utils.getTimeVector() 

n_time_steps = v_time.size 

#------------------------------------------------------------------------------------- 

# Load transferfunction and target Y-coordinate of single mass oscillator 

H = utils.getTransferFunction(v_time) 

Y_target = utils.getTargetSignal(v_time) 

y_target = np.fft.irfft(Y_target, n_time_steps) 

#------------------------------------------------------------------------------------- 

# Initialize variables 

# compute first shot using transferfunction and target of cg_y  

U = np.zeros_like(Y_target, dtype=np.complex128)  # Change dtype to complex128 

for i, Yi in enumerate(Y_target): 

    U[i] = Y_target[i] / H[i] 

# Iteration parameters 

it = 1; i_max = 1000; alpha = 1.0; eps = 0.001; e_old = 0.0; alpha_min = 1e-10 

#------------------------------------------------------------------------------------- 

# Iteration loop 

while True: 

    # Update force on FreeDyn model 

    u = np.fft.irfft(U,n_time_steps) 

    spline_data = np.vstack((v_time, u)).T 

    fdApi.modifySpline(spline_label, spline_data) 

    # Simulate the model again 

    if fdApi.solveEoM() < 0: 

        sys.exit("Error: Simulation failed after modifying spline") 

    # Copy generalized coordinates 

    y = np.zeros(n_time_steps) 

    for i in range(n_time_steps): 

        fdApi.getStatesAtTimeIndex(i, states["Q"]) 

        y[i] = states["Q"][1, 0] 

    Y = np.fft.rfft(y) 

    # Compute error 

    error = np.linalg.norm(y - y_target) 

    utils.updatePlots(y,u, it, error) 

    if error < eps: 

        print("Converged: Error threshold reached") 

        break 

    elif it >= i_max: 

        print("Failed to converge: Maximum iterations reached") 

        break 

    elif alpha < alpha_min: 

        print("Failed to converge: Alpha below minimum") 

        break 

    # Update U and H 

    if it > 1 and e_old < error: 
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        # Reduce alpha if the new result is not better 

        U = np.copy(U_old) 

        alpha /= 2.0 

    else: 

        U_old = np.copy(U) 

         

    for i, Ui in enumerate(U): 

        U[i] += alpha * (Y_target[i] - Y[i]) / H[i] 

    # Store previous error value 

    e_old = error 

    #increment iteration counter 

    it += 1 

# Clean up and close 

fdApi.deleteModel(model_index) 

plt.ioff() 

plt.show() 

 

ADDITONAL EXAMPLES 

To give interested readers an even better idea of FreeDyn, some additional projects are listed below with corresponding 

references. 

 In [8] an iterative coupling procedure of experimental and numerical subsystems to one overall system is introduced. 

The numerical subsystem is an offroad vehicle, which is modelled with FreeDyn, see the upper left picture in Fig. 3. 

 In [10] FreeDyn is used for the development of motorcycle rider assistance systems. The motorcycle is modelled 

with FreeDyn and used as block in a Matlab/Simulink model. The upper right picture of Fig. 3 holds a screenshot of 

the Matlab/Simulink model. 

 [11] reports on an optimization problem in which energy-optimal control of a robot motion are sought. A picture of 

the FreeDyn robot model is given in the lower right corner of Fig. 3. 

 In [12], rolling processes of tooth flanks (lower left image of Fig. 3) are investigated under consideration of 

measured surface roughness. 

 

Fig. 2:  Result of the virtual iteration 

Additonal Examples

To give interested readers an even better idea of FreeDyn, some additional projects are listed below with corresponding
references.

• In [8] an iterative coupling procedure of experimental and numerical subsystems to one overall system is intro-
duced. The numerical subsystem is an offroad vehicle, which is modelled with FreeDyn, see the upper left picture in
Fig. 3.

• In [10] FreeDyn is used for the development of motorcycle rider assistance systems. The motorcycle is modelled with
FreeDyn and used as block in a Matlab/Simulink model. The upper right picture of Fig. 3 holds a screenshot of the
Matlab/Simulink model.

• [11] reports on an optimization problem in which energy-optimal control of a robot motion are sought. A picture of
the FreeDyn robot model is given in the lower right corner of Fig. 3.

• In [12], rolling processes of tooth flanks (lower left image of Fig. 3) are investigated under consideration of measured
surface roughness.

Fig. 2 Result of the virtual iteration.
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Fig. 3 FreeDyn examples.
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Chapter 3Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Nonlinear Frequency Response Surfaces, Part I: Theoretical
Formulation

D. Di Maio, Jip van Tiggelen, and Marcel H.M. Ellenbroek

Abstract The Frequency Response Functions (FRF) are the most widely used functions to characterize the dynamic be-
haviour of structures. The natural frequencies and damping behaviour can be easily and quickly detected from a Bode
diagram. FRFs are used to calculate the modal properties by modal analysis methods, and in the last step, a frequency re-
sponse model is used to synthesize the response functions to verify the quality of the identified modal properties identified.
The circularity between 1) measurement, 2) identification, 3) regeneration and 4) comparison is ensured on the assumption
that transfer functions are measured under strict conditions, such as linear vibrations. All mechanical systems are intrinsi-
cally nonlinear. Some sources of nonlinearity might be excited and revealed, and others not for various reasons. Anyhow, it
is unavoidable to measure nonlinear vibrations when vibration tests are executed at various levels of excitation forces, and
both linear and nonlinear vibrations are processed to obtain linear and nonlinear FRFs. The linear FRFs can be processed
using the existing linear identification methods. The nonlinear FRFs are either stored in archive, or blandly processed to
evaluate the level and the type of nonlinearity, such as hardening or softening behaviour.

This research aims to (i) formulate a new frequency response model and (ii) formulate a new identification method for
extracting amplitude-dependent modal parameters. The first objective will demonstrate that a nonlinear frequency response
function lays on a Force Plane which intercepts an FRF surface generated by equivalent linear FRFs. The second objective
will demonstrate that a linear modal analysis method, called line-fit and based on the Dobson formulation, allows extracting
amplitude-dependent modal parameters from nonlinear FRFs. By combining the results achieved by the two research objec-
tives, one can regenerate and compare measured and synthetic nonlinear transfer functions.

Keywords Forced vibrations · system assembly · the nonlinearity of joints · Nonlinear Frequency Response Surface

Introduction

In the aerospace and space industry, vibration qualification tests serve an essential purpose - to evaluate the behaviour
of a structure in conditions that it would typically experience during launch or flight. However, the current approach of
performing qualification tests on fully assembled systems and sub-systems has its limitations. By the time the dynamic
behaviour is tested, it may be too late to make any design changes that would have been required, which can result in costly
redesigns and delays. Thus, it is crucial to develop a more proactive approach to assessing the vibration response of systems
earlier on during the design and make.

While modelling the individual components in a system can be relatively straightforward, accurately modelling their
assembly, particularly the connections between the components, is complicated due to the nonlinear transfer behaviour
at the joints between components [1]. As such, predictive modelling of the forced vibrations of assembled structures has
been challenging for many years [2, 3]. Reducing the computational efforts required for solving the dynamics response of
nonlinear systems by lumped parameter joint models, such as the Iwan model [4, 5] or assuming a polynomial function. These
could be considered phenomenological models and not fundamental models describing the physics, thus still requiring expert
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knowledge or calibration using test data. On the other hand, more efficient solution methods were developed for obtaining
the forced vibration behaviour of nonlinear systems (as compared to i.e. direct time integration), such as harmonic balance
method [6], continuation-based methods [7] and quasi-static approaches [8, 9]. Yet, prediction of the nonlinear dynamic
behaviour of joints remains a challenge (in an industrial context).

This short context will help the reader understand that one of the main shortfalls can be seen in the characterization of
the vibration response, which becomes nonlinear for several reasons, where interfaces play a large part in such a challenge.
Although academia has developed several testing and analysis techniques for characterizing nonlinear vibrations during
the past years, industry integrated a tiny fraction of that knowledge [10]. The main reason is the implementation of the
proposed methods into industrial standards, which still relies on the measurement of Frequency Response Functions (FRF)
for characterizing the dynamics of structures. Engineers find FRFs very useful because they can relate the response at any
point on the structure to the input force exerted elsewhere. This means that an engineer can evaluate an appropriate response
to design requirements. Unfortunately, the nonlinear vibrations disrupt the established procedures. Therefore, this paper aims
to offer an approach that is simple and easy to integrate into the industry standards, thus providing invaluable information to
engineers. This paper is divided into two parts, one more theoretically focussed and one more application-driven. The latter
was authored by Jip van Tigglen and is listed in the same conference proceedings.

Theoretical Formulations of the Nonlinear Frequency Response Surface

This section will introduce the theoretical formulation of a nonlinear frequency response surface. It is a major breakthrough
for engineering science and the practice of experimental modal testing. It is a custom to perform modal testing on structures
before any other vibration test is executed. It is important to identify the natural frequencies, damping values, and mode
shapes, all three of which form the modal parameters that can be used to characterize a structure’s dynamic. Furthermore,
these modal parameters validate the experimental model of the mechanical system. It is common practice to perform the
modal testing using any desired excitation force and process the test data with modal analysis tools. The final verification
of the data analysis consists of synthesizing the FRFs and overlaying them on the experimental ones to check if the modal
analysis evaluated the modal parameters correctly. The process described so far stops when a test engineer acquires nonlinear
test data, meaning that FRFs are distorted because of sources of nonlinearity. Hence, the modal analysis stops working
correctly. The following sections will show how carrying out the same modal identification process is possible but using a
different analysis method. Most of the research is already available in [11], so this paper offers a concise summary explaining
the fundamental steps.

Linear frequency response surface (LFRS)
The relationship between force and displacement for a single degree of freedom system is linear when there is a single
coefficient describing the system’s stiffness. Many engineers are accustomed to seeing this relationship made a constant
stiffness line, which intercepts the mass line and the system’s natural frequency. The frequency response is linear for any
vibration amplitude. Figure 1 shows a hypothetical waterfall of linear responses forming a Linear Frequency Response
Surface. As said the stiffness of the system is not amplitude dependent; therefore, every FRF will start from the same
stiffness amplitude. It is also simple to understand that any constant amplitude force plane, created by expanding over the
frequency range of the red dashed line, cuts across the LFRS and will produce a linear FRF that lies on that force surface.
Although this description reads very clearly, a linear system will produce linear responses, and the concept of frequency
response surface will serve to understand the transition from linear to nonlinear vibrations.

Nonlinear Frequency Response Surface (NFRS)
This sub-section will discuss the transition form linear to nonlinear vibrations. It is worth mentioning that, hereafter, the
nonlinear vibrations will be assumed to be at a steady state, for which the FRF is the ratio between the input and output
at the fundamental drive frequency of the excitation. Hence, any high-order harmonics is neglected. Figure 2 shows the
static receptance for a single DOF system whose stiffness relationship is amplitude-dependent. This dependency implies
that any FRF will start from a different linear equivalent stiffness. The figure shows the system’s linear and nonlinear static
receptance, indicating receptance as the ratio between force and displacement.

Having generated a nonlinear static receptance using a cubic stiffness nonlinearity, the following step is to generate the
Nonlinear Frequency Response Surface. Therefore, one can still use a linear frequency response model, starting from an
equivalent linear stiffness amplitude, which is likewise carried out for the linear frequency response surface. One must catch
this idea’s major novelty, which suggests that a linear response model is still a valid selection for generating a nonlinear
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Fig. 1 Linear frequency response surface (LFRS)

Fig. 2 Linear and nonlinear static receptance

response solution. Figure 3 shows the 3D NFRS in red and the constant amplitude force surface in blue. The nonlinear
FRF is the unique solution between the interception of the NFRS and the desired force plane, the inclination of which can
be changed. The concluding remarks of this section are straightforward. One can understand that the same NFRS can be
generated by accessing modal amplitude-dependent parameters. The response model equation (1) can be used to generate
that NFRS once the amplitude-dependent parameters are identified. The identification process will be briefly explained on
the following section and the application to an experimental case will be provided as an example.

Fig. 3 Nonlinear Frequency Response Surface (NFRS) (red) and constant amplitude force plane (blue)



24 D. Di Maio et al.

Generation of the NFRS Using the Experimental Modal Analysis

This section presents an experimental modal analysis technique for evaluating the amplitude-dependent parameters of non-
linear FRFs. As introduced, many test engineers find the data analysis of nonlinear FRFs very challenging because of the
few methods available to process FRF data with distortion caused by source of nonlinearity. Furthermore, assuming that
modal parameters are evaluated, the synthesis of an FRF is not straightforward, and thus, the assessment of the modal pa-
rameters is left unchecked. The previous section addressed the problem of generating nonlinear FRFs, which can be used for
synthesizing nonlinear FRFs from the EMA approach.

EMA using the modified-Dobson method

The experimental identification is carried out on FRFs that are measured under steady-state conditions and for reasonably
well-separated modes to avoid mode coupling. The Dobson method [11] is a modal analysis technique that allows using one
of the properties of the inverse of the FRF. It works by line-fitting the real and imaginary parts of the inverse of the FRF and
using the line-fitting coefficients to extract the modal parameters. The method is not used as often for linear modal analysis
because of the more powerful techniques developed during the past two decades. However, it proves the best identification
method for nonlinear FRF analysis. The underlying principle is the following. Three Nyquist points identify a circle, the
properties of which can be curve-fit to identify the dynamics of a linear system. The circle -fit method was one of the most
used techniques in the past for this purpose. Unfortunately, the nonlinear vibrations transform the circle into something else,
for the stiffness nonlinearity part of the circle disappears, as shown in Figure 4 see the grey hollow dots. The circle stops
at a certain amplitude level and then resumes at lower amplitudes. The response amplitude jump causes this because of the
stiffness nonlinearity used to generate a numerical nonlinear FRF. The smart analysis, which exploits the Dobson method,
fixes two frequency points at the lowest amplitude (the linear one) and uses a third one that sweeps all the other frequency
points. Hence, every triplet of frequency points generates an equivalent Nyquist circle or an equivalent linear dynamical
system. The goal is to observe how the dynamics of a system evolves from linear to nonlinear vibrations. Hence, one can
generate as many triplets as the frequency points measured. By applying the line-fitting to the triplets, one can evaluate the
modal properties at that vibration amplitude, thus evaluating an equivalent linear system. By repeating the analysis process,
one can observe how the natural frequency curve changes because of the amount of vibrations. The reader is encouraged to
expand this quite brief description by reading the full paper [11]. Figure 5 shows the final step of the analysis, where the
natural frequency curve is evaluated at every amplitude level of the nonlinear FRF. The black dots of the natural frequency
curve indicate the analysis carried out using the frequency points from 45 to approx. 51 Hz, while the blue dots the other
part of the FRF branch. Hence, equation (1) can be used for generating an NFRS.

α(ω,X) =
rA(X)

ω2
r(X)− ω2 + iηr(X)ω2

r(X)

Fig. 4 Nyquist circles for linear (blue hollow dots) and
nonlinear FRFs (grey hollow dots)

Fig. 5 Nonlinear FRF with the natural frequency curve
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Application to an experimental blind case
Section 2 showed that a nonlinear FRF is the unique solution between an NFRS intercepting a force surface of any desired
amplitude. The idea was demonstrated using a simple SDOF nonlinear system. However, engineers need to deal with real
nonlinear FRFs and be able to evaluate properties that can be used to evaluate the system response at various amplitudes
of vibration. This section will show an example of a blind case where the nonlinear FRF was provided without any further
information of the test article or type of test. Besides, the FRF was a ratio between the base acceleration and the response
measured at a point of the test article. Hence, it is a perfect case study to prove that the approach described so far is valid.

The process consists of:

1. Perform the modified-Dobson method to extract amplitude-dependent modal parameters.
2. Use equation (1) to generate a NFRS.
3. Decide the amplitude(s) of the force plane to extract the synthesize nonlinear FRF.
4. Overlay the measured and synthesized nonlinear FRFs.

Figure 6 shows the measured FRF in red. It was known that the FRF was generated using very slow sine sweep rate from
low to high frequency and the FFT operator was used to generate the FRF. The modified-Dobson method was applied to
the measured FRF (red) and the modal parameters were polynomial-fitted and used for the equation (1), which is valid for
well-separated mode as it was assumed for this blind case. The NFRS was generated and a synthesized nonlinear FRF was
extracted and compared to the experimental one. Figure 3.7 shows an overlay between the experimental (red) and synthesized
(black) FRFs. Given the excellent overlay, any engineer would be interested in the response for a lower or higher amplitude
of vibrations. Hence, by changing the force amplitude, two FRF can be evaluated for low and high vibration amplitudes,
both in blue colour. Unfortunately, there is no possible comparison for the two FRFs in blue as experimental data were
unavailable. The reference paper [11] shows an academic example where such a comparison was possible and successful.
Therefore, it is assumed that this regeneration approach for low and high amplitudes can still be valid.

Fig. 6 Nonlinear FRFs measured (red) and regenerated in black and blue

Final remarks
This short paper summarizes the discovery reported in [11] by highlighting the fundamental steps for a test engineer to (i)
measure, (ii) characterize, (iii) synthesize and (iv) compare the frequency nonlinear responses. These four steps are possible
because a nonlinear frequency response curve can be built by using equation (1) as soon as the modal parameters of equation
(1) are identified. Therefore, it is possible to evaluate for any desired level of excitation force a nonlinear frequency response
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which can be overlaid and compared to the experimental one. This final step is the most critical and valuable because the
test engineer can evaluate if the identification process achieved the correct parameters. This is done is a matter of seconds
by exploiting the fundamental equations of the linear modal analysis without using expensive and complex computational
calculations.

Polynomials fit the modal amplitude-dependent parameters, and this process can intrinsically add some bias. Observing
the response for much higher amplitudes than the maximum one measured is possible, but the risk is in the polynomial curves
which might generate un-physical responses. Therefore, paying attention to simulation generated beyond the measured
amplitudes of the responses is important.

A final remark is about the generation of the surface by using a force-displacement curve. Theoretically, any finite
element method can be used to generate a fully reverse cycle of load by superimposing any desired deflection shape (at any
resonance). It is a static analysis that allows the evaluation of a hysteresis curve. That curve can be used two ways, 1- to
extract the static receptance and 2- to extract the damping from the hysteresis. Once these two parameters are extracted, an
NFRS can be generated. It is straightforward to understand that any FE analyst can simulate a nonlinear frequency response
given a stress model. Therefore, one can infer from the dynamic response (either linear or nonlinear) if the stress model
needs better refinements, for instance, by increasing the damping by changing the material properties. Hence, the NFRS can
become (i) a great design tool for analysts and (ii) a great experimental modal analysis tool for test engineers.

Conclusions

In conclusion, this paper provides some basic insights to the NFRS. It was shown that this surface can be generated by
theoretical force-displacement full reverse cycle and by experimental identification of the nonlinear FRF. Both routes will
meet simultaneously if a thorough experimental model validation is carried out. This paper and the primary reference [11]
could not demonstrate it. Therefore, future work will be done to generate the NFRS from a theoretical route and validate the
same surface by generating it using experimental measurements.
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Chapter 4Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Fatigue Damage Potential in a Nonlinear Dynamical System
with Isolated Resonances

Brian Evan Saunders

Abstract Cyclical loading can cause fatigue damage in a structure, even at relatively low stress levels. If the structure is
subject to nonlinear behaviors, then it may also experience complex phenomena such as super- or sub-harmonic resonances,
chaotic motion, and isolated resonances, also known as isolas. Isolas in particular may be especially dangerous for a struc-
ture because they are dependent on initial conditions or perturbations to the structure, and they can drive the structure at
amplitude outputs of an order of magnitude or higher than the expected amplitude levels. Although fatigue damage is a
widely researched field, there is currently little work available on quantifying the effects of fatigue damage in a system that
is experiencing isola motion. The goal of this work is to evaluate the fatigue damage potential of a harmonically driven,
nonlinear dynamical system that is known to have isolas. The damage that can be accumulated while on an isola is compared
to the damage accumulated at other points along the main frequency response branch of the system. Rainflow cycle counting
is used to compute the fatigue damage potential, given a representative material with a range of S-N curve coefficients.

Keywords Fatigue, cyclical loading, nonlinear dynamics, isolated resonance, rainflow

Introduction

Nonlinearities give rise to a wide variety of strange phenomena in dynamical systems. Of particular interest in this work is the
isolated resonance, which is a type of nonlinear behavior that forms closed solution curves separate from the main solution
curve in a system’s frequency response. Other names for this phenomenon include detached resonance, isolated response,
detached response, or simply isola. Isolas have a tendency to occur at relatively high amplitudes and over narrow frequency
ranges, and they can form near to or far from the system’s primary resonances, depending on the system parameters. Isolas
have been observed and studied since at least 1938, with Rauscher [1] analyzing a dynamical system whose frequency
response contained solution curves that originated from “the delicate relation between damping and response in the present
problem”. Abramson [2] similarly observed isolas in a system with softening nonlinearity. As the excitation force was varied,
two solution curves moved closer and eventually merged at a single point before detaching again into a classical softening
resonance and a separate set of curves that “corresponds to motions of large amplitude and low frequency”. Research on
isolas picked up significantly in the 2010s, following the increased popularity of numerical techniques such as harmonic
balance to simulate nonlinear systems. The inclusion of numerical continuation methods allows isolas to efficiently be
traced out in the frequency space, and even with respect to multiple parameters. Mélot et al. [3] and Habib et al. [4] provide
nice reviews on the historical development of isolas.

In many structural dynamics applications, isolas are considered dangerous for two main reasons: their susceptibility to
perturbations, and their often relatively large amplitudes. As isolas are detached from the main frequency response curve,
they are capable of forming far from resonances where the amplitude is otherwise expected to be small. A small bump,
shock, or other perturbation sending a structure into unforeseen resonance is, understandably, quite an undesirable situation
that places life and property at unacceptable risk. However, there has been seemingly little work to actually quantify the
danger that an isola can pose. In this work, we evaluate the risk of isolas in a harmonically excited nonlinear dynamical
system [5] using the Palmgren-Miner fatigue damage metric [6]. Our objective is to compare the damage accumulated due
to motion on an isola to the damage accumulated at other co-existing solutions. The results of this work could help inform to
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what extent an isola motion can eat up the fatigue life of a structure, and how to better qualify a structure designed to operate
in an environment that may be at risk of experiencing nonlinear behaviors such as isolas.

Methodology and System Model

Three simple and well-known methods are combined for this fatigue analysis: the log-linear (i.e., Basquin) model of the
stress-cycles curve N = cS−β , Palmgren-Miner linear damage D =

∑k
i=1

ni

Ni
, and rainflow cycle counting [7]. An experi-

mental apparatus of the dynamical system, along with parameter values, can be found in [3] and is modeled as follows:

ẍ+ 2ωnζẋ+ ω2
nx+ α

mx3 + Fc(x)
m = p

mcos (ωt) , (1a)

Fc =

 Kc (x+ j1) ,
0,

Kc (x− j2) ,

x < −j1
−j1 ≤ x ≤ j2

x > j2

(1b)

σ (t) = 12Eb
L2 x (t) (2)

Euler-Bernoulli beam theory, for a fixed-fixed beam with centered load, is assumed in order to approximate the maximum
stress in the system in Equation (2) [8]. Figure 1 shows the nonlinear forced response curves for the system model, including
superharmonic, subharmonic, and isola solutions.
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Fig. 1 Nonlinear forced response curves for the dynamical system described by Eq. (1). NH is a solver convergence
parameter, and ν is the subharmonic order of each solution curve

Fatigue Damage Analysis

Figure 2 shows the calculated fatigue damage for each of the solution curves in Figure 1. A fatigue damage coefficient of
β = 4.22 was used in the following calculations. Complete analysis details and parameter values can be found in the final
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conference presentation. Notice that while the amplitudes span from 0.4 mm to 6 mm, the damage values span a much larger
range from 3 ∗ 10−13 to 4 ∗ 10−4. Because the damage metric scales linearly with time duration, we can perform relative
comparisons. At 20 Hz, for instance, the subharmonic isola of order 3 (in purple) has an amplitude approximately 6 times
larger than the off-resonance amplitude that one would traditionally expect to encounter in this frequency region, but the
fatigue damage for the same time duration is almost 2,400 times higher on the isola—a difference greater than three orders
of magnitude. This difference means a 20-year life of operation at the off-resonance motion is reduced to a mere 3 days and
2 hours on the isola. For a material with fatigue coefficient β = 6.67, that lifetime is reduced to just 45 minutes.
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Fig. 2 Fatigue damage for the solution curves in Fig. 1 for a fatigue damage coefficient of β = 4.22. NH is a solver
convergence parameter, and ν is the subharmonic order of each solution curve

Conclusions

In this work, we assessed the risk of encountering an isola in a nonlinear dynamical system. Palmgren-Miner fatigue ac-
cumulation and rainflow stress cycle counting were applied to a structure treated as a loaded Euler-Bernoulli beam with a
Basquin model of fatigue life. It was shown that the fatigue damage due to an isola motion can easily be orders of magnitude
higher than an off-resonance motion, significantly eating into the fatigue life of a structure. The most straightforward defense
against this type of damage is to treat an isola like a regular resonance: design the operating characteristics of the structure
around the frequency ranges of any isolas; or design the structure to simply not have isolas in the operating frequency range.
There are several avenues for future work on this topic.
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Chapter 5Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Robust Optimization of Surface Topology for Jointed
Connections

Aalokeparno Dhar, Justin H. Porter, and Matthew R. W. Brake

Abstract Bolted connections are ubiquitous in mechanical and aerospace engineering. However, these connections in-
troduce significant uncertainties in vibration responses. Given sufficient information about a jointed connection, a recent
physics-based rough contact modeling has provided significant improvements towards predicting nonlinear trends in fre-
quency and damping. For jointed connections, increasing vibration amplitudes result in a decrease in the natural frequency
and an increase in damping as the system transitions from sticking to slipping. While the physics-based model showed
improvements towards predicting these trends, it required knowledge of the as-built mesoscale topology of the interface.
Specifically, an approximately 100 micron gap in the center of the nominally flat interface resulted in an approximately 7%
shift in the natural frequency compared to simulations with a flat interface. This uncertainty is due to manufacturing toler-
ances and cannot easily be eliminated for mass production of engineering structures. To address this challenge, the present
work seeks to understand how the contact interface within a joint can be designed to reduce uncertainty due to uncontrolled
machining deviations. Thus, the physics-based rough contact model that represents the best available predictions for jointed
connections is employed to simulate the Brake-Reuß Beam. These simulations consider the effects of different interface
designs while also analyzing the sensitivity of the responses to mesoscale topology variations. The extended periodic motion
concept (EPMC) is utilized to obtain nonlinear modal properties. Sensitivities are calculated directly based on the solu-
tion points and verified with finite difference calculations. These sensitivities provide groundwork for optimizing designs
to reduce uncertainty due to manufacturing deviations. Overall, this work provides insights into the effects of machining
variations on jointed connections and how to improve designs to limit such effects.

Keywords Friction · Jointed Connection · Mesoscale Topology

Introduction

Bolted connections in a structure can introduce significant nonlinearities, which makes it challenging to analyze and predict
the structure’s behavior. In terms of the system’s dynamic characteristics, the nonlinearity due to the bolted connections
affects both the free vibration response’s resonant frequencies and dissipative behavior. The damping factor and modal
frequency can vary with the types of bolted interfaces, as seen across a number of experiments [1–7]. Lap joints can exhibit
a 1-2% decrease in resonant frequency as the excitation amplitude is increased; however, over the same range the damping
capacity can increase by an order of magnitude [1]. Flange joints, by contrast, can exhibit a much smaller increase, or even
no increase, in damping as compared to lap joints [2, 3]. Dovetail joints can even exhibit a decrease in damping ratio as
excitation amplitude increases (for some modes, and for other modes the damping ratio increases) [6, 7]. Across each of
these types of joints, though, it is clear that the meso-scale topography and relative alignment of the joint surfaces can lead
to much greater variability in the response of the structure than is due to preload or vibration amplitude [3, 7, 8].

The system characteristics of a jointed structure can be derived from free vibration responses, as demonstrated in [9–12].
In looking at different types of jointed connections, the participating modes significantly influence the system’s characteristic
damping frequency, while joint parameters, such as bolt torque, have been shown to affect modal interaction behavior [3, 13].
It is also found that changing the bolt torque can cause a different pressure distribution around the bolted joint [7, 14]. Upon
dynamic excitation, the pressure distribution can exhibit highly nonlinear behavior. Variations in pressure distribution and
the resulting system response can also stem from non-conformal interfaces, often caused by manufacturing uncertainties.
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After applying prestress through bolt torque, gaps between connected surfaces can exist at macro, meso, or micro levels.
Chen et al. [15] analyzed the effect of non-flat interfaces in a Brake-Reuß Beam (BRB) and found that end-gap configurations
reduce the natural frequency at low amplitudes, while central gaps increase it. To mitigate such uncertainties, deliberate
macro-level variations can be introduced at joints, such as adding padding around bolt holes. This approach creates a high-
pressure field at predictable locations [1]. Although this design enhances system determinism, concentrated local stresses
may not be a desirable for a design. On the micro-scale, contact between two surfaces is governed by variations in asperity
heights, which primarily drive frictional contact. Pressure distribution tends to be more localized in interfaces with higher
surface roughness than those with smoother surfaces.

Surface errors due to manufacturing can also occur at the meso-scale. Once the bolt torque is applied, the mesoscale
profile at the connecting surfaces can create an interference contact at some locations and a gap in some other locations.
However, the nonlinear response of various gap topologies can also be something the designer can use to increase the joint
interface’s robustness. In this paper, we hypothesize that one can design a topology which makes the damping parameter
robust to the modal amplitude. That is, it will be beneficial to find a surface profile that is less sensitive to the manufac-
turing perturbation than a flat, conformal interface. Designing such an interface, however, requires a predictive modeling
methodology of structure dynamics with bolted joints with various mesoscale gap topologies.

To analyze the effect of mesoscale variability due to manufacturing error and to design a robust surface topology, it is
essential to have a detailed model of the system that includes enough information related to the joint interface. Numerous
studies [16] have attempted to understand contact mechanics, how to model the joints and friction and study its dynamic
behavior. Among different models, physics-based modelling [17] is applicable to a wide range of joints as long as underlying
surface properties are captured well, and is more suitable for the current problem. This model takes care of the micro, meso,
and macro contacts at a hierarchical dependency from smaller to a larger scale. The microslip modelling [8] is preferred
over the traditional stick-slip models because the former is found to be more accurate while compared with experimental
behaviors. The rough contact modeling framework makes use of the statistical representation of the micro-scale asperity
heights obtained from the experimental measurements.

In this work, the Brake-Reuß Beam to study the effect of mesoscale gap topology under modal vibration. Modelling
provides a brief description of the methodology and the contact model used. The Extended Periodic Motion Concept [18]
is used to solve this model using the response amplitude as a continuation parameter. Different gap profiles have been fed
to the model to check their implications for the frequency and damping response. The sensitivity of these topologies over
perturbations has been studied to gain an understanding of the variability of the response. The paper concludes with thoughts
on the more quantitative approaches to obtain a robust manufacturable surface profile.

Modeling

The Brake-Reuss Beam (BRB) is a an assembly of two half beams connected with a three bolted lap joint. The finite element
modelling of BRB is initially done in Abaqus (Figure 1a), and model reduction is applied to the interface degrees of freedom
plus 50 fixed interface modes using the procedure described in [8, 19]. The model is then further reduced using relative
coordinates to a model with 588 Zero Thickness Elements (ZTEs) and 14 fixed interface modes [8]. For a faster model,
the mesh is further reduced to 232 ZTEs using the procedure in [20] (and shown in Figure 1b). These ZTEs are modeled
to capture the interfacial kinematics and asperity heights obtained from the statistical distribution and the mesoscale gaps
or interferences. Friction inside each of the ZTEs is modeled with a physics-based rough contact model [17] that has been
reimplemented in Python using automatic differentiation [21]. The normal contact between the asperities at each element is
described using the ellipsoidal Hertzian contact law and principles of strain hardening, depending on the elastic and plastic
regimes. The tangential contact is modeled using the tangent asperity model [17]. Experimental data as well as the plasticity
models have been used to obtain a friction coefficient. A friction coefficient value of 0.55 is obtained for this system. A
preload of 12.249kN is applied to the bolts. The latter implementation is adapted for the present models with simulation
routines and examples available at [22]. The schematic of the overall procedure is shown in Figure 2.

The Extended Periodic Motion Concept (EPMC) [18] is the primary solution method adopted for this work, which is
suitable for lightly damped systems. This method helps obtain a periodic response of a free dissipative system by including
an artificial negative damping to the system. This way, the method is useful for obtaining the natural frequency as well
as the mass proportionate damping factor, which are the two additional variables along with the harmonic coefficients of
each DOFs. A nonlinear prestress analysis and eigenvalue analysis around the preload condition provide the initial guess
for the frequency and displacement coefficients for each DOF under calculation. the EPMC calculation requires the Fourier
coefficients of the nonlinear force terms associated with the model, which is obtained using the Alternating Frequency-Time
(AFT) procedure.

sec: Modelling
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(a)

(b)

Fig. 1 Original mesh of BRB model in ABAQUS (a) and Reduced interface mesh of ZTEs (b)

Fig. 2 Flowchart of the modelling approach.

The mesoscale topologies are applied within the ZTEs to offset the initial distances prior to contact of each ZTE. This
approach allows for a single Abaqus model of a nominally flat interface to be used for all perturbations. It is expected that
this approach is only valid for perturbations up to a certain amplitude; in the subsequent parameter studies, it is demonstrated
that the perturbations considered in the present work are within the limit of validity for this modeling approach before a new
Abaqus model of a larger perturbed surface is necessitated. This approximation can be validated by a detailed ABAQUS
modelling of the perturbes surfaces in future work, where one can estimate the maximum height of the topology allowable
by the ZTE.

The possible types of topologies are taken form the rectangular Legendre polynomials [23] and rectangular Zernike poly-
nomials [24]. The Legendre polynomials, traditionally defined over a continuous interval, have been adapted to represent
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two-dimensional surface topologies over a rectangular domain. They are orthogonal polynomials that provide a systematic
way to describe surface variations, offering a basis for approximating complex shapes. The zeroth order polynomial resem-
bles flat topology, whereas the first-order polynomials represent y-tilt and y-tilt. The second-order Legendre polynomials
introduce quadratic surface features with terms like x2, xy, and y2. These quadratic terms are obtained by combining one-
dimensional Legendre polynomials in X and Y directions (in the original Legendre polynomials there are constant terms
associated with x2 and y2 that are ignored for this application as the polynomials need to be scaled according to the domain
boundaries and gap height). These terms describe more complex curvatures, such as parabolic features in either axis and
coupled variations in both directions. Zernike polynomials, another class of orthogonal polynomials, are particularly well-
suited for describing wavefront deformations and are often applied in optical systems for their radial symmetry. Though these
polynomials are defined over a unit circle, there are ways to extend them for the rectangular domain. The transformation
from a circular domain to a rectangular domain does not alter the form of the polynomials up to the second-order. While the
zeroth and first-order polynomials are similar to the Legendre polynomials, the second-order polynomials include the shapes
x2 + y2, xy, and x2 − y2. These rectangular polynomials are illustrated in Figure 3.

(a)

(b)

Fig. 3 First six shapes of rectangular Legendre (a) and Zernike (b) polynomials. The values are scaled with respect to the
BRB interface dimension and normalized.

Over these designs, perturbation topologies have been added to determine the sensitivity of these above surface profiles.
From the literature on manufacturing defects [25–27], various topologies have been observed. Based on that, five simple
one-dimensional perturbations have been chosen for the preliminary analysis perturbation. The models are as follows: Per-
turbation 1: full sine wave with a maximum height of 10µm, Perturbation 2: full sine wave with a maximum height of
50µm, Perturbation 3: reverse of Perturbation 2, Perturbation 4:Perturbation 2 with the wavelength 2/3rd of the length of an
interface, and Perturbation 5: a 50µm step at 2 cm away from the center of the interface. Perturbation 2 is a scaled version
of Perturbation 1, and a comparison between these two perturbations can be useful to assess how much the scaling of the
perturbation affects the response. The perturbations are shown in Figure 4.
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Fig. 4 The perturbation gaps used for the BRB interface

Results

The amplitude-dependent frequency and damping of the BRB is characterized with different mesoscale topologies by using
the EPMC method. The initial goal is to understand the effect of different mesoscale topologies on the nonlinear dynamics
of the system and to assess how the nonlinear dynamics change with the addition of perturbations. To investigate this, each
topology effect is compared with respect to a flat, conformal interface. Then, a perturbation is added to each topology to
study the effect of it. But how the conformal interface itself behaves under perturbation is studied first, and the results
are shown in Figure 5. The ‘flat’ response is the baseline topology that contains no mesoscale curvature but a statistically
described set of asperities (that are held constant across all simulations), and its frequency and damping characteristics are
obtained using both 232 ZTE and 588 ZTE elements to assess model convergence. The 232 ZTE and 588 ZTE interface
models yield identical responses, indicating that subsequent simulations can be conducted using just 232 ZTE. Also, it is
found that the prestress and linearized eigenvalue analysis provides a useful initial guess for low-amplitude responses in
the context of solving the EPMC problem. With the five different perturbations, a significant change in both frequency and

Fig. 5 EPMC results for the BRB with conformal interface and five different perturbations shown in Figure 4
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damping is observed. These design perturbations chosen for this initial study are at the extreme of realistic perturbations,
which indicates that this is a valid modeling approach for considering smaller perturbations as the design trends can be
validated against experimental results [15].

In order to rigorously explore the design space of the meso-scale topology, the x-tilt, y-tilt and xy-tilt (addition of both)
topology is taken into account. The maximum gap in x-tilt and y-tilt design is taken as 100µm. Later, a superposition of
both these two makes the xy-yilt configuration. However, the frequency and damping characteristic curves are found to be
precisely similar to the flat topology, as shown in Figure 6. Even with the perturbation (Perturbaton 2 in Figure 4) the the
response is similar to the conformal topology. The deviation from the flat topology in the prestress frequency is in the fourth
decimal in the case of x-tilt, and it is in the second decimal in the case of y-tilt. The relative position of the contacting
surfaces after preloading is similar for both the flat and tilt cases, which resulted in similar characteristic curves. That is,
upon assembly, the initial gap is able to be closed completely in the case of a planar tilt of the interface, as expected.

Fig. 6 Comparing linear and flat topology, with and without mesoscale perturbation (Perturbation 2)

Next, the quadratic topologies (x2, y2, xy, and x2 − y2) are investigated. Three different heights are considered for the
profiles: 10µm, 100µm and 1000µm, and similar gaps are considered for the reverse profile. In case of the x2 and y2 profiles,
the positive and negative/ reverse profile resembles edge gap and central gap configuration, respectively. Figure 7 shows the
effect of the quadratic topologies compared to the flat interface. One clear trend observed from the x2 topology is that the
edge gap causes a reduction in the frequency and damping factor, whereas the central gap increases it. This is also confirmed
by the experimental observations [15]. Among different quadratic topologies, the xy topology has shown minimal change
in its characteristic curve compared to the flat topology. These quadratic topologies are further analyzed with perturbations,
shown in Figure 8. While studying perturbations, the maximum gap of the design topology is considered to be 200µm.

Perturbation topologies 2 and 3 are symmetrically opposite to each other, and they have shown similar responses for all
the topologies, which is as expected. Amongst various perturbations, perturbation 4 is the most sensitive one. This indicates
that the shorter wavelength can cause more nonlinear interface profiles once preloaded, which increases the uncertainty in
the system. After a detailed analysis of various profiles, xy showed the most robust behavior against perturbations. The
sensitivity to perturbation in the case of the xy topology is lesser for both the frequency and damping. Thus, topologies with
higher-order polynomials show promise for being able to make the interface robust to manufacturing variability.

If one compares the variation in frequency and damping, the relative error in damping is much larger than the frequency.
So, making the topology less sensitive to the damping characteristics is of more importance. From Figure 8, it can be found
that the first three perturbations do not make huge change in the value of the damping factor. However, the perturbations
4 (sine with shortened wavelength) and 5 (step) show significant changes in the damping value. The step perturbation
increased the maximum damping factor over the response domain, and the increase was more than double in the case of flat
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(a) (b)

(c) (d)

Fig. 7 EPMC results for BRB with quadratic topologies: (a) x2, (b) y2, (c) xy (d) x2 − y2. Each topology compared with
flat and amplitude varied as 10µm, 100µm and 1000µm, for both positive and negative direction

and x-quadratic profiles. For the xy-topology, the growth is less, though significant. The increase in damping factor due to
perturbation 4 is 55.8% for flat design (Figure 5), where it got reduced to 17.7% for xy design. A more detailed investigation
with the surface profile might be able to mitigate the effect of these strong perturbations.

Conclusion and Future Work

This work represents a foundational step towards robust optimization of bolted connections. Specifically, it focuses on ana-
lyzing various interface topologies to identify an optimal design with minimal sensitivity to manufacturing errors. The BRB
is employed as an example problem; it is found that by modifying the interface to have xy curvature, the design can be
made robust to manufacturing variability. The EPMC method has proven effective for analyzing vibration characteristics at
higher amplitude levels. Additionally, the use of ZTEs at the interface offers a highly effective modeling approach, allow-
ing for detailed interfacial contact mechanics to be captured without the need for re-meshing with each surface topology
change.

Future work will aim to experimentally validate these findings and explore the use of more sophisticated optimization
algorithms. A key requirement will be the development of metrics to quantify the variability in behavior for each interface
topology. One potential approach is to introduce a sensitivity metric to measure the variability of the damping factor ζ such
as ||(ζDesign + Perturb −ζDesign)/ζFlat||2. Other than this response metric, another system parameter metric can also be defined as
the ratio of gap variance in the perturbed system to that of the nominal design. Additionally, the design of such surfaces must
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(a) (b)

(c) (d)

Fig. 8 Perturbation on various topologies: (a) x2, (b) y2, (c) xy, (d) x2 − y2

be informed by the capabilities of both conventional and non-conventional manufacturing processes [28, 29], as fabricating
complex surface profiles will pose significant challenges.
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Chapter 6Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 
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1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Nonlinear Vibration Control on Complex Structures via Model
Predictive Control Exploiting Koopman Model

Yichang Shen and Ludovic Renson

Abstract Active vibration control of thin structures is often necessary to enhance or ensure performance, and it can also be
used to characterize their dynamic behavior during experimental testing through techniques like control-based continuation.
In this work, Model Predictive Control (MPC) is applied to control the nonlinear vibration of a thick (i.e. linear) cantilever
beam with artificial nonlinearity and track periodic signals. The Koopman operator is used to linearise the dynamics of the
system, thereby obtaining an effective real-time MPC implementation. Virtual experimental results show that using quadratic
programming MPC with the Koopman model leads to efficient and accurate control performance.

Keywords Vibration control · Model predictive control · Koopman operator · Nonlinear vibration

Introduction

The constant drive to improve the performance of mechanical structures is leading to new designs that are increasingly
lighter, more flexible, and inherently nonlinear. Active vibration control of thin structures is sometimes necessary to enhance
or guarantee their performance. Active control can also be used to characterize the dynamic behavior of nonlinear structures
during experimental tests using techniques like control-based continuation (CBC) [1]. Model Predictive Control (MPC) is
an advanced control technique widely employed in industrial settings. MPC allows for the use of existing models to control
multiple-input, and multiple-output systems and handle input-output interactions, making it appealing for complex systems.
Moreover, MPC uses constraints to limit response amplitudes and reduce the risk of failure during large amplitude vibrations.
Thus, it serves as a potential advanced feedback controller that may extend CBC to more complex, real-life applications.

To implement MPC effectively, it is important to develop an accurate yet computationally efficient model of the system’s
dynamics. The author’s previous study [2] validates that, although exploiting nonlinear reduced-order models (NLROM)
in (N)MPC algorithms leads to good control performance and low-dimensional representations of the system’s dynamics,
nonlinear models remain computationally expensive to solve numerically. To take advantage of powerful convex program-
ming solvers, such as quadratic programming (QP), in this work, the Koopman operator has been utilized to convexify the
originally nonconvex problem by generating a linear model from experimental data. Preliminary virtual experiments indicate
that MPC, exploiting the Koopman model, is able to control nonlinear structural vibrations for tracking periodic signals.

Experimental Set-up of Benchmark Structure

The benchmark structure is a straight, thick cantilever beam with arbitrary artificial nonlinearity generated by an electro-
dynamic shaker. Key components of the setup include a real-time controller (dSPACE MicroLab Box), an electrodynamic
shaker, a stinger, an impedance head attached to the beam for measuring the force and acceleration at the excitation point, and
a laser sensor for measuring the beam’s displacement. The assembly details and schematic view of the experimental setup
are shown in Figure 1. A similar benchmark structure was previously investigated in [3]. The nonlinear system is investi-
gated as a single-input, single-output system. The nonlinearity in the system was artificially implemented using the real-time
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Fig. 1 Control performance of using the Carleman linearised model to generate model predictions. (a): Experimental set-up. (b):
Schematic view of the experiments.

feedback control based on the measurement displacement. The force applied by the shaker to the structure was composed of
the control output fex(t) and virtual nonlinearity fnl(t). In this work, fnl(t) = Kcy

3, where Kc is the nonlinear restoring
force coefficient, and y is the beam’s tip displacement measured by the laser.

Koopman Linear reconstruction and Control objective

The Koopman operator is an effective tool for providing a global linear representation of a nonlinear system [4]. This
linearization allows for the application of well-established control techniques for linear systems. However, its infinite-
dimensional nature presents considerable challenges for practical use. To address this issue, the method employed in this
work is the EDMD method [5], which enables the approximation of the Koopman operator’s eigenvalues, eigenfunctions, and
modes from data. This data-driven approach allows us to obtain a linear reconstruction of the nonlinear system’s dynamics
from experimental data in the form of

ż[k] = Āz[k] + B̄u. (1)

The class of functions used for lifting z[k] used here includes polynomials up to third-order and first-order Fourier
modes. In this model predictive control application, the objective is for the nonlinear structure vibration to follow a periodic
reference signal Xref composed of multiple sine functions. The cost function minimized by the MPC algorithm at time step
k is expressed by

Jk =

np−1∑
i=0

(
(xk+i −Xref (tk))

TQ(xk+i −Xref (tk)) + uT
k+iRuk+i

)
+ xT

k+np
Pxk+np , (2)

where xk+i are the future system states predicted using the system model (Koopman) for a number of time steps, np, ahead
of the current time tk. The input u and the beam tip displacement are constrained to remain in a desired range to avoid
damaging the experimental set-up.

Virtual Experimental results

Virtual tests were conducted in SIMULINK to validate the overall control design methodology. The virtual experiment
model was tuned to match the physical setup, as shown in the SIMULINK model in Figure 2(a). The cantilever beam was
represented as a single degree of freedom (1-DOF) system derived using MATLAB’s n4sid.m system identification function
based on experimental data obtained using a multiple sine excitation signal. The Koopman model employed in the MPC is
measured by experimental data with the same input signal but with the virtual cubic nonlinearity included. The shaker is
system-identified to the input voltage and output force transfer function. Fig. 2 (b) illustrates the performance of the model
predictive control, demonstrating that the displacement simulated by the beam model closely aligns with the target signal.
Figure. 2 (c) and (d) depict the artificially induced nonlinear component of the system dynamics and the optimal control
output computed by MPC in real-time, respectively.
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Fig. 2 Virtual experimental set-up and results. (a): SIMULINK model. (b): MPC Control performance. (c) Virtual nonlinear component.
(d) Control output.

Conclusion

In this work, a cantilever beam with artificial nonlinearity is investigated, and model predictive control (MPC) exploiting
the Koopman operator is applied to control the nonlinear structure vibrations to track a desired, multi-harmonic periodic
signal. Results from virtual experiments demonstrate that using Koopman linearized models within MPC enables efficient
and accurate control performance. Full-scale experimental testing is currently being prepared and will be conducted in the
next phase of the research.
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Chapter 7Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Stochastic Dynamics and Surrogate Modeling for Nonlinear
Aerospace Nozzle Systems with Partial Observations

Evangéline Capiez-Lernout, Olivier Ezvan, and Christian Soize

Abstract This research addresses the computational updating of a statistical surrogate model using a partial target dataset.
A parameterized nonlinear stochastic computational model of a three-dimensional engine nozzle undergoing large displace-
ments under a stochastic pressure jet is considered with a small, incomplete target dataset of normal displacements at the
nozzle exit. The probabilistic PLoM algorithm is used and adapted to the target constraint in order to construct a surrogate
computational model, enabling updates that allow for the response to better match the target response despite data limitations.

Keywords uncertainty quantification · probabilistic learning · nonlinear stochastic dynamics · nozzle · surrogate model

Introduction

Numerous works have highlighted the significance of nozzles in various engineering aspects, including flow analysis, jet
noise source characterization and acoustics, material properties, design optimization, and the impact of uncertainty on nozzle
computational models. More precisely, the vibrational behavior of nozzle structures is a critical concern in the aerospace
engineering field. This research focuses on a computational framework for analyzing the updating process in the nonlinear
stochastic dynamics of a nozzle, accounting for model uncertainties, partial observability, and limited data. A parameterized
high-fidelity stochastic nonlinear uncertain computational model of the nozzle is meticulously designed, optimizing of the
numerical parameters to balance accuracy and efficiency of the numerical solvers [1], yielding a small training dataset to be
available. Then, the Probabilistic Learning on Manifolds (PLoM) algorithm adapted to an existing incomplete target data
constraint [2, 3] and which relies on a purely probabilistic approach, is used in order to construct an updated surrogate
computational model [4].

Background

The inherent complexity of this nozzle computational application emerges from multiple sources: (1) the high number of
degrees-of-freedom present in the nozzle computational model whose mesh is represented in Figure 1, and which is a conse-
quence of its structural complexity driven by its small thickness; (2) the geometric nonlinear effects in its dynamic behavior,
induced by displacements of the structure that are comparable to the nozzle thickness; (3) the presence of model uncer-
tainties in the representation of homogenized materials that arise from an uncontrolled parameter represented by random
vector U, (4) the influence of an external load represented by a stationary stochastic process. This latter one is modeled by a
time-dependent random pressure at the nozzle wall P (z, θ, t;w), using cylindrical coordinates and dependent on the control
parameter w. The load intensity is assumed to be sufficiently high for triggering nonlinear displacements responses Y(t;w),
(5) the under-observability and the limited data availability, complicating the resolution of the statistical inverse problem
required for the updating, and (6) the high-computational cost associated with the construction of a single realization of the
stationary random displacements responses, as this requires solving a set of nonlinear stochastic coupled differential equa-
tions in the time domain, using iterative algorithms combined to multiple time steps. The observations of interest O(ν;w) are
located at the nozzle exit and are then expressed as displacement amplitudes in the frequency domain. Such parameterized
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MSME UMR 8208 CNRS, Université Gustave Eiffel, 77454 Marne-La-Vallée, France
e-mail: evangeline.capiez-lernout@univ-eiffel.fr; olivier.ezvan@univ-eiffel.fr; christian.soize@univ-eiffel.fr

© The Author(s), under exclusive license to River Publishers 2025 45
Ludovic Renson et al. (eds.), Nonlinear Structures & Systems, Vol. 1, Conference Proceedings
of the Society for Experimental Mechanics Series, https://doi.org/10.13052/97887-438-0146-7 7

evangeline.capiez-lernout@univ-eiffel.fr
olivier.ezvan@univ-eiffel.fr
christian.soize@univ-eiffel.fr
https://doi.org/10.13052/97887-438-0146-7_7
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Fig. 1 Finite element mesh of the nozzle.

computational stochastic model is meticulously designed, allowing for computing accurate statistics of output observations
but for which only a small training dataset is available.

The updating of the nonlinear uncertain stochastic computational model is carried out with respect to a given target
dataset that is constituted of an incomplete data, corresponding for instance, to the case of a limited number of sensors
located at the nozzle exit wall. In order to construct the statistical surrogate model of quantities of interest with respect to
control parameter w, using the PLoM algorithm under constraints, vector w is modeled by a vector-valued random variable
W. The statistical surrogate model is not represented by a computational model but by a learned probability measure. The
quantities of interest are then derived from conditional statistics of the quantities of interest for given value of the control
parameter, using the learned dataset for the updated stochastic system. To aid in the comprehension of this paper, the figure
2 presents a simplified flowchart of the used methodology.

Fig. 2 Flowchart of the methodology.

Analysis of the Results

Figure 3 present the computational results corresponding to the responses as a function of the frequency for a given obser-
vation point. Each figure includes: (a) the mean response of the training dataset, both nonlinear and its linear counterpart
(left upper figure), (b) a comparison between the mean response of the training dataset and the target (right upper figure),
(c) the mean response of the learning dataset and the target (left lower figure), and (d) the mean response of the training
dataset, the target, and the conditional confidence region given w0 at a 95% probability level. In (a), nonlinear effects are
highlighted by shifts in resonance peaks and reduced amplitudes due to energy spreading across the excitation band. In (b),
it is seen that the mean response of the training set does not match with the target, showing shifts in the second and third
resonance peaks. In (c), it is shown that the constrained learning process captures the mean statistics of the target, even if
limited observation data is available. Finally, in (d), three features are emphasized: (1) the mean target response is centered
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within the confidence region, (2) the confidence envelope peaks align well with the target’s, and (3) the confidence region
remains relatively narrow, reflecting the influence of uncontrolled parameters and excitation variability. A similar analysis
is observed across various observation points, whether they correspond to identification points (used during the updating
process) or validation points (not used), which validates the proposed methodology.
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Fig. 3 Analysis of the responses as a function of the frequency at a given observation point. Left upper figure (a) : mean
responses of the linearized and non linear system issued from the training set. Right upper figure (b) : mean nonlinear
responses issued from both training and target data sets. Left lower figure (c) : mean nonlinear responses issued from both
target and learning data sets. Right lower figure (d) : confidence region of the nonlinear response issued from the learning
dataset and the corresponding mean nonlinear responses issued from both target and training data sets.

Conclusion

We have proposed a methodology for updating a high-dimensional nonlinear computational model of a nozzle structure
under the constraints of limited and partially observable data. The model’s complexity and computational cost are driven
by uncertain parameters, geometric nonlinearities, and stochastic external forces. Using the PLoM approach, the updated
surrogate model is used for estimating conditional statistics of the observations and shows its capability of capturing the
characteristics of the target dataset, even for unobserved variables.
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Chapter 8Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 
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1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Industrial Applications of Nonlinear Modal Modeling: Two
Case Studies

Benjamin R Pacini

Abstract Nonlinear structural dynamics testing, identification and modeling is becoming increasingly popular. While many
methods exist, the focus of this work is nonlinear modal modeling, a framework for capturing the nonlinear behavior of a
structure on a mode-by-mode basis by augmenting a linear modal model with amplitude-dependent stiffness and damping
elements placed in parallel with their linear counterparts. Once identified, this highly reduced order model can be used to
simulate and predict the response of a structure to arbitrary inputs in a computationally efficient manner. This work describes
the application of the nonlinear modal modeling test and identification process on two industrial structures. For each struc-
ture, the linear modal analysis and the nonlinear identification are presented. A truth test is conducted on each structure,
the results of which are compared to corresponding simulation results using the linear and nonlinear modal models. The
nonlinear modal models are shown to better match the measured responses of both structures.

Keywords nonlinear dynamics · system identification · modal modeling · structural dynamics · industrial applications

Introduction

Essential to the robust design of structures is a model that accurately captures the relevant dynamics in its service environ-
ments. Historically, linear models have been used in this regard to great success. They are computationally efficient and can
be updated via dynamic properties identified from modal tests [1]. However, if there are significant nonlinear physics active
during service environments, then linear modelling may not be able to sufficiently replicate the true response of the structure,
detracting from their utility in qualification decisions. Thus, there are circumstance where a nonlinear structural dynamics
model is required. There are many frameworks for nonlinear modeling, testing, and identification, such as nonlinear normal
modes [2] and spectral manifolds [3], but this work focuses on nonlinear modal models (NLMMs) [4, 5]. NLMMs are com-
prised of single degree of freedom (SDOF) oscillators which each represent a mode of vibration of the structure and have
nonlinear springs and dampers that attach the modal mass to ground. As has been demonstrated in [6, 7] and will be shown
in this work, NLMMs are able to capture the amplitude-dependent behavior of nonlinear, industrial structures and can be
used to replicate the response to arbitrary inputs in a computationally efficient manner.

This work presents two case studies where NLMMs were applied to industrial structures. The first was a structure with
mounted components and bolted joints, and an NLMM was desired that could capture the amplitude-dependent response
within a specified bandwidth. The second case study utilized a structure with multiple bolted joints, and the dynamic behavior
of a specific mode was desired up to approximately 300gs. Each case study is introduced in greater detail where the testing
and NLMM identification is described. Each NLMM is then evaluated on its ability to match the responses obtained via time
simulation to those measured from corresponding truth tests on each structure.

The remainder of this work is organized as follows. Section 2 describes NLMMs in greater detail including assumptions
and limitations. The methods for testing and identification of NLMMs are presented in Section 3. The two industrial case
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studies where NLMMs were used to capture their nonlinear dynamics are discussed in Sections 4.1 and 4.2. A summary of
these works is provided in Section 5.

Nonlinear Modal Models

Nonlinear modal models are the same as their linear counterparts except for additional amplitude-dependent stiffness and
damping elements for modes deemed to be nonlinear, see Fig. 1. The number of modes retained in the NLMM is determined
by the bandwidth of interest. The physical and modal coordinates of the structure are related through:

{x (t)} = Φ {q(t)} (1)
{q (t)} = Φ+ {x(t)} (2)

with {x (t)} and {q (t)} the displacement of the structure in physical and modal coordinates, respectively, Φ is the mass-
normalized mode shape matrix, and the “+” superscript is the Moore-Penrose Pseudo-inverse. Similarly, the excitation force
in modal {fq (t)} and physical {f (t)} coordinates are related through the following transformation:

{fq (t)} = ΦT {f(t)} (3)

Fig. 1 Nonlinear modal model

Each mode j can be described by the following equation of motion:

q̈j (t) + c0,j q̇j (t) + k0,jqj (t) + fr,nl,j (qj (t) , q̇j (t)) = fq,j (t) (4)

where k0,j and c0,j are the linear spring and damper coefficients, respectively, and are defined by the corresponding natural
frequency, ωn,j , and damping ratio, ζj :

k0,j = ω2
n,j (5)

c0,j = 2ζjωn,j (6)

The nonlinear modal restoring force is fr,nl,j (qj (t) , q̇j (t)) and is the subject of the nonlinear identification (see Section
3.3). This force combines all of the nonlinear effects of mode j into a single force, so this approach to nonlinear structural
dynamics obtains the overall amplitude-dependent stiffness and damping forces as opposed to identifying specific physics
associated with a particular nonlinear source.

The work presented herein makes two assumptions. The first is that the mode shapes do not change with amplitude. This
allows the use of the linear mode shape matrix to be used to transform between physical and modal coordinates. Second, the
modes are assumed to be uncoupled. In other words, the response of one mode does not influence or excite the response of
another.

Test Methods and Identification

This section discusses the test and identification methods for case studies presented in this work. The identification of the
NLMM for both case studies utilized data from sine beat excitation [6] (Section 3.1), but nonlinear force appropriation [2, 8]
(Section 3.2) was conducted on the structure for Case Study 2 to explore a potential modal interaction.
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Sine Beats

Sine beat excitation [6] utilizes a modal shaker to concentrate a transient force in the bandwidth around a mode of interest,
see Fig. 2. It is created by modulating a sinewave by an amplitude windowing function a (t):

v (t) = a (t) sin (ωct) (7)

where v (t) is the sine beat and ωc is the center frequency. Note that v (t) is the voltage signal that is sent to the shaker and
is not the force applied to the structure; the resulting force is a function of both the shaker and structure dynamics.

The peak of V (ω) (the Fourier Transform of v (t)) occurs at ωc and the width of its main lobe is directly related to a (t)
[6]. Since a (t) is a user-defined function, the input energy of a sine beat can be customized to provide forcing of a single,
targeted mode while minimally exciting the others.

 
 

(a) (b) 

Fig. 2  Sine beat in (a) time domain and (b) frequency domain 
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the target mode in the drive point frequency response function (FRF). 

 

3.2 Nonlinear Force Appropriation 

Nonlinear force appropriation (NFA) testing (also known as phase resonance testing) is a technique that utilizes closed 

loop control to maintain a structure at phase resonance while the amplitude of excitation is slowly increased [2, 8]. 

For this work, phase resonance was defined as 90 degrees relative phase between the drive point acceleration response 

and excitation force at the fundamental frequency; in other words, the primary phase resonance [9, 10] was achieved 

at each excitation level. Fig. 3 shows a block diagram of the NFA test technique. A voltage sinewave of constant 

amplitude 𝑉 and frequency 𝜔 is sent to a modal shaker which induces a force 𝑓(𝑡) on the structure. The corresponding 

drive point acceleration 𝑥̈𝑑𝑝(𝑡) and 𝑓(𝑡) are measured by the Phase-Locked-Loop (PLL) controller. The PLL 

controller adjusts 𝜔 based on the computed error between 90 degrees and the relative phase between 𝑥̈𝑑𝑝(𝑡) and 𝑓(𝑡). 

The updated voltage signal is generated and sent to the shaker. This cycle continues until phase resonance is achieved, 

and data is collected from all of the accelerometers on the structure. The energy input to the structure is then increased 
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This technique characterizes a single mode from low (ideally linear) levels up to a desired high energy level. While 
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Additionally, modal interactions are more obviously excited and observed with NFA testing than sine beats. This 

testing technique was conducted in Case Study 2 to show a potential modal interaction (see Section 4.2.2). 

 

3.3 Nonlinear Modal Model Identification 

The general process for NLMM identification is shown in Fig. 4. It begins with a linear modal test of the structure 
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structure are detected through comparing the FRFs from experiments where the structure was impacted at multiple 

force levels. Modes where the FRFs significantly shifted were deemed nonlinear. A signification shift is a subjective 

Fig. 2 Sine beat in (a) time domain and (b) frequency domain

In this work, each nonlinear mode was individually excited using sine beats. The frequency ωc was selected as the linear
natural frequency of the target mode. The windowing function a (t) was a Blackman-Harris window whose parameters were
selected such that either (1) the first local minima on either side of the peak in V (ωc) occurred at adjacent modes, or (2) the
width of the main lobe in V (ω) encompassed the same bandwidth as the imaginary part of the target mode in the drive point
frequency response function (FRF).

Nonlinear Force Appropriation

Nonlinear force appropriation (NFA) testing (also known as phase resonance testing) is a technique that utilizes closed loop
control to maintain a structure at phase resonance while the amplitude of excitation is slowly increased [2, 8]. For this work,
phase resonance was defined as 90 degrees relative phase between the drive point acceleration response and excitation force
at the fundamental frequency; in other words, the primary phase resonance [9, 10] was achieved at each excitation level.
Fig. 3 shows a block diagram of the NFA test technique. A voltage sinewave of constant amplitude V and frequency ω is
sent to a modal shaker which induces a force f (t) on the structure. The corresponding drive point acceleration ẍdp (t) and
f (t) are measured by the Phase-Locked-Loop (PLL) controller. The PLL controller adjusts ω based on the computed error
between 90 degrees and the relative phase between ẍdp (t) and f (t). The updated voltage signal is generated and sent to the
shaker. This cycle continues until phase resonance is achieved, and data is collected from all of the accelerometers on the
structure. The energy input to the structure is then increased by increasing V , and the above process repeats capturing the
entire backbone of the structure over a chosen amplitude range.

This technique characterizes a single mode from low (ideally linear) levels up to a desired high energy level. While not
performed in this work, the data used from NFA tests can be used for nonlinear modal model identification. Additionally,
modal interactions are more obviously excited and observed with NFA testing than sine beats. This testing technique was
conducted in Case Study 2 to show a potential modal interaction (see Section 4.2.2).
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Fig. 3 Force appropriation block diagram

Nonlinear Modal Model Identification

The general process for NLMM identification is shown in Fig. 4. It begins with a linear modal test of the structure from
which the linear natural frequencies, damping ratios, and mode shapes are extracted. The nonlinear modes of the structure
are detected through comparing the FRFs from experiments where the structure was impacted at multiple force levels. Modes
where the FRFs significantly shifted were deemed nonlinear. A signification shift is a subjective measure and will depend
on the application. Sections 4.1 and 4.2 describe the nonlinear mode selection process for the corresponding case studies.

Fig. 4 NLMM identification procedure

The nonlinear modal test is then conducted for each nonlinear mode. For the case studies in this work, this comprised
the sine beats. The result of this experiment are the measured accelerations {ẍ} measured in physical coordinates, and the
excitation force {f}. Only single input excitation was used for this work, so only the element of {f} corresponding to the
drive point DOF is non-zero. These measurements are then cast to modal space using Eqs. (2) and (3). The identification is
performed on the mode of interest.

The nonlinear identification process described below is the same as that described in [6] and is similar to the process
presented in [11]. The mode of interest is now described by Eq. (4). The linear stiffness and damping coefficients (k0 and
c0) are computed from Eqs. (5) and (6) using the results from the linear modal test. The modal velocity and velocity and
displacement are determined via numerical integration of q̈ (t). Therefore, the only unknown is the nonlinear restoring force
fr,nl (q (t) , q̇ (t)) which is assumed to be the sum the nonlinear stiffness and damping restoring forces (fr,nl,s (q) and
fr,nl,d (q̇), respectively):

fr,nl (q (t) , q̇ (t)) = fr,nl,s (q) + fr,nl,d (q̇) (8)

While fr,nl,s (q) and fr,nl,d (q̇) can be parameterized in many ways, symmetric polynomials were used for both case
studies described in this work:

fr,nl,s (q) =

Ns∑
n=1

knq|q|n−1 (9)

fr,nl,d (q̇) =

Nd∑
n=1

cnq̇|q̇|n−1 (10)

Ns and Nd are the maximum selected polynomial order for fr,nl,s (q) and fr,nl,d (q̇), respectively, and kn and cn are the
associated polynomial coefficients. The absolute values of q and q̇ are used to ensure that the identified restoring forces are
symmetric, an assumption made for all nonlinear modes in both case studies.
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Eqs (8) through (10) are substituted into Eq. (4). The result is rearranged and cast to the frequency domain to yield

[
F (q |q|) . . . F

(
q|q|Ns−1

)
F (q̇ |q̇|) . . . F

(
q̇|q̇|Nd−1

) ]


k1
...

kNs

c1
...

cNd


= [F (fq − q̈ − c0q̇ − k0q)] (11)

where F () is the Fourier Transform and represent columns of data in the above matrices. The polynomial coefficients for
the nonlinear restoring forces can be solved for in a least-squares since using:

k1
...

kNs

c1
...

cNd


=

[
F (q |q|) . . . F

(
q|q|Ns−1

)
F (q̇ |q̇|) . . . F

(
q̇|q̇|Nd−1

) ]+
[F (fq − q̈ − c0q̇ − k0q)] (12)

where the “+” is the Moore-Penrose Pseudoinverse. The parameterized fr,nl (q (t) , q̇ (t)) is now identified for the mode of
interest. Note that data from multiple tests can be stacked within each matrix on the right-hand-side of Eq. (12). For both of
the case studies in this work, sine beats at multiple levels were conducted and the corresponding data were all used to fit the
parameters.

This entire process is repeated for each mode of interest that is deemed nonlinear. All modes (linear and nonlinear) are
then concatenated into a nonlinear modal model of the entire structure:

I {q̈(t)}+C0 {q̇(t)}+K0 {q(t)}+
{
fr,nl

(
{q(t)} ,

{
˙q(t)
} )}

= {fq(t)} (13)

where I is the identity matrix, C0 is a diagonal linear damping matrix with entries of individual c0,j for each mode j, K0 is a

diagonal linear stiffness matrix with entries of individual k0,j for each mode j, and
{
fr,nl

(
{q(t)} ,

{
˙q(t)
} )}

is the vector
of nonlinear restoring forces defined by Eq. (8) for each nonlinear mode. In this formulation, row j of Eq. (13) corresponds
to Eq (4) for each mode j.

The response of the entire structure, {x (t)}, to an arbitrary force {f (t)} can be simulated using Eq. (13) by first casting
the force in physical coordinates to modal coordinates using Eq. (3). With assumed modal displacement and velocity initial
conditions and {fq(t)}, Eq. (13) is used to obtain {q(t)} via time simulation. These modal responses are then cast back to
physical coordinates, {x (t)}, using Eq. (1). These {x (t)} are the simulated response of the structure using the identified
NLMM and incorporate the amplitude-dependent stiffness and damping due to the nonlinear modes.

Generating an explicit nonlinear model of an industrial structure where the physics are exactly captured is difficult to
update via system identification experiments. Moreover, the computational cost to simulate the response of a structure to
arbitrary inputs with this model is prohibitively expensive. Conversely, the NLMM is highly computationally efficient and,
while not exactly modelling the underlying physics, is able to capture the amplitude dependence of the stiffness and damping
of each nonlinear mode. Therefore, the NLMM approach is attractive for industrial applications.

Case Studies: Industrial Applications of the NLMM

In Sections 4.1 and 4.2, the NLMM identification process described in Section 3.3 was implemented on two industrial
structures. After conducting linear modal analysis, sine beats were used to excite each structure to high levels. The NLMMs
were then identified, and truth tests conducted. The accuracy of the NLMM was evaluated by comparing its predicted
response to the truth test forcing to that measured from the experiment. Additionally, for Case Study 2, NFA testing was
conducted to evaluate a potential modal interaction. This latter result was not used explicitly in the NLMM identification for
this case but is shown to demonstrate that modal interactions occur in industry. It also motivates future research to incorporate
this nonlinear behavior into the NLMM process.
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Case Study 1
The objective of Cast Study 1 was to conduct nonlinear system identification of the structure and obtain a NLMM. The test
article is shown in Fig. 5 and is comprised of many components mounted to a case. The source of the nonlinearities arises
from the interfaces between the components and the case.

Fig. 5 Case Study 1 test article

NLMM Identification

There were 18 modes within the bandwidth of interest, six rigid and twelve elastic. The rigid body modes were computed
using the companion finite element model and the elastic modes were extracted from linear modal testing, see Fig. 6.
Fig. 6a compares the measured principle complex mode indicator function (CMIF) from the linear modal tests with that
resynthesized from the identified linear modal properties. Fig. 6b shows the auto Modal Assurance Criterion for the extracted
linear modes. These results indicate that the linear modal properties accurately represent the low-level low-level dynamics
of the test article and that the identified modes are independent. This latter aspect is critical to achieving advantageous
conditioning on Φ+ when casting the nonlinear modal testing results from physical to modal coordinates.

 
Fig. 5  Case Study 1 test article 
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Fig. 6  Case Study 1 linear modal test results; (a) measured vs resynthesized CMIF and (b) auto-MAC 

 

Through multi-level hammer impact testing, modes 7, 11, 12, 13, and 15 showed the largest shifts in the measured 

FRFs; no objective measure was used in the determination (e.g., a damping change threshold) but was left to the 

judgement of the author. Fig. 7 shows the CMIF overlays in the bandwidth around the selected nonlinear modes from 

three different hammer impact levels. Note that all modes show an increase in damping and decrease in frequency. 

 

 

Fig. 6 Case Study 1 linear modal test results; (a) measured vs resynthesized CMIF and (b) auto-MAC

Through multi-level hammer impact testing, modes 7, 11, 12, 13, and 15 showed the largest shifts in the measured FRFs;
no objective measure was used in the determination (e.g., a damping change threshold) but was left to the judgement of the
author. Fig. 7 shows the CMIF overlays in the bandwidth around the selected nonlinear modes from three different hammer
impact levels. Note that all modes show an increase in damping and decrease in frequency.

Sine beats were used to excite each of the nonlinear modes up to as high of level as possible. The limiting factor in
this case was the electrical output of the amplifier that powered the shaker. The identification was performed per Section
3.3 with Ns = Nd = 3 for all five nonlinear modes. Cubic polynomials were selected as a balance between obtaining
accurate representation of the nonlinear restoring force and minimizing the model order to preclude over-fitting. To evaluate
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Fig. 7 Case Study 1 CMIFs from multiple input force levels showing nonlinearity of these modes

the accuracy of the identified NLMM of the test article, a truth test was conducted. This was a sine-sweep whose amplitude
vs frequency was shaped in order to maximize the response of the structure at each mode. The measured force from this truth
test was cast to modal space and used in the NLMM simulation of the test article per Eq. (13). The resulting modal responses
were expanded back to physical coordinates in order to compare against the accelerations measured during the truth test.

Fig. 8 shows select time history and frequency domain results from measurements on two of the components of the test
article. Along with the measured and NLMM results, the accelerations predicted by a purely linear model are also shown to

Fig. 8 NLMM vs measurements from truth test, Case Study 1; (a) time history and (b) frequency domain response of
component 1 and (c) time history and (d) frequency domain response of component 2. Black data is the measurement from
the truth test, the red data is the simulation result from the NLMM, the blue data is the linear simulation result, and the
dashed vertical gray lines ((b) and (d) only) indicate the frequencies of the nonlinear modes
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demonstrate the improvement achieved with the NLMM. In the frequency domain results, dashed vertical lines indicate the
frequencies of the nonlinear modes. In the bandwidth around linear modes, all three data sets agree, confirming the decision
to maintain these modes as linear. Conversely, the NLMM is shown to better match the measured results in the vicinity of
the nonlinear modes. In some instances, the linear model over-predicts the response by a factor of 2, but the NLMM is able
to accurately match the measured response.

Case Study 2

The objective of Case Study 2 was to characterize the nonlinear damping of a single mode of interest up to a high level
(300 g at the drive point). The structure was tested in free-free boundary conditions and is shown in Fig. 9. The mode of
interest exercised shear motion in the indicated joint between the fixture and the plate. Sine beats were conducted to perform
the NLMM identification of the mode of interest (Section 4.2.1). NFA testing was also conducted to investigate a potential
modal interaction (Section 4.2.2).

(a) (b)

Fig. 9 Case Study 2 test article (a) cross-section and (b) top view

Unlike Case Study 1, there is only one mode of interest for Case Study 2 where an NLMM was desired. However, linear
modal testing was still required over a larger bandwidth of interest in order to get the linear modal parameters for the mode
of interest as well as Φ to transform between physical and modal coordinates.

Linear modal testing was conducted via low force level hammer impacts. Fig. 10 shows the results. The linear modal
parameters were used to resynthesize the FRF matrix from which a multi-reference CMIF was computed. This resynthesized
CMIF was compared to the corresponding measured CMIF. Fig. 10a shows the principle single value from the measured
and resynthesized CMIF. Twenty elastic modes are active within the bandwidth, and the mode of interest (mode 10) is
marked with an arrow. The high correspondence between measured and resynthesized data indicates that the extracted
linear modal parameters match well the linear dynamics of the test article. Additionally, Fig. 10b shows the auto-MAC of
the experimentally extracted mode shapes (along with six rigid body modes taken from the FEM of the test article). The
identified modes are reasonably independent, but there are some mode pairs which have higher than ideal values (e.g., mode
21 and 22 have a MAC value of 0.6). Nonetheless, the mode shape matrix has a condition number of approximately 9 which
deemed the modes acceptably independent for this work.

Note that the underlying linear dynamics of the test article shifted throughout the test series as indicted by low-level
testing conducted between all tests, see Fig. 11. The mode of interest is marked with a black arrow. The test sequence was
as follows: (1) low-level hammer impacts, (2) NFA, and (3) sine beats. The change in the drive point FRF between the
hammer and NFA tests shows the effect of adding the shaker, and the shift between NFA and sine beats shows the change in
underlying linear dynamics after achieving high level excitation.

Due to the apparent change in linear dynamics, three sets of linear modal properties were fit and used throughout the
CS2 work. The first set is the baseline extracted from the low-level hammer taps. A set of linear properties were used to
process data from each of the high-level tests. These were constructed from the baseline set, but the natural frequencies,
damping ratios, and shapes were updated for the modes well excited from the shaker drive point (i.e., the modes well excited
from Fig. 11). The largest differences in linear modal properties for the target mode were between the baseline and the sine
beat sets. The differences in the natural frequency and damping ratio of the target mode were approximately 7% and 20%,
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Fig. 10 Case Study 2 linear modal test results; (a) measured (solid lines) vs resynthesized (dashed lines) CMIF and (b)
auto-MAC

Fig. 11 Drive point FRF comparison at various stages throughout Case Study 2 testing

respectively. The corresponding MAC value for the target mode shape was 0.78. This highlights a practical consideration
for nonlinear system characterization in that the underlying linear properties can change throughout the test series. This was
accounted for in this work by assigning linear modal properties for each test type which best describes the corresponding
underlying linear dynamics.

Nonlinear Modal Model Identification

The NLMM was constructed with 26 modes (six rigid and 20 elastic) where only mode 10 was assumed nonlinear since
the objective was to obtain an NLMM of only the target mode. Given the high response levels achieved from the sine beat
testing, the order of the nonlinear stiffness and damping restoring force polynomials were Ns = Nd = 5 for mode 10.
Other modes of the structure were known to be nonlinear, so the evaluation of the NLMM was conducted using narrow-band
excitation to minimize the nonlinear effects of the other modes. Thus, the accuracy of the NLMM was assessed using the
measurements from the highest-level sine beat. Fig. 12 shows the results for two acceleration DOFs. The first is the drive
point (Fig. 12a and b) and the second is the DOF with the largest value in the target mode shape (referred to as the “max
DOF” shown in Fig. 12c and d). These figures compare the measured acceleration response with those computed via linear
and NLMM simulation.



58 Benjamin R Pacini

Fig. 12 NLMM results; drive point acceleration in (a) time domain and (b) frequency domain, and the acceleration response
of the DOF with the largest shape in the target mode (i.e., “max DOF”) in (c) time domain and (d) frequency domain

In both responses, the NLMM matches the measured result well and is a significant improvement in accuracy over the
linear model; the linear model over-predicts the peak response by factors of 1.5 and 1.8, respectively, for the measured drive
point and max DOF accelerations. Fig. 12d shows that the max DOF has a large second harmonic compared to that shown
in Fig. 12b for the drive point. The NLMM does not correctly capture the harmonic at the former DOF, indicating that one
of the fundamental assumptions is not fully satisfied by the dynamics of the test article and/or that the chosen model form
is not able to adequately capture the response. Based on the results discussed in Section 4.2.2, part of the reason for this
higher-frequency discrepancy between measured and NLMM response is that the mode of interest (mode 10) is interacting
with a higher-frequency mode.

NFA Results

An NFA test was conducted initially as an additional measure to characterize the mode of interest. However, during the test, a
potential modal interaction between modes 10 and 18 was observed. Seventy excitation levels (i.e., values of V from Fig. 3)
were selected, and phase resonance was achieved at each. In the plots that follow, the abscissa is labeled with “Excitation
Index,” corresponding to the shaker voltage indices when phase resonance was achieved.

Fig. 13 shows a subset of the NFA results. The magnitudes of the first 5 harmonics of max DOF are shown in Fig. 13a. The
dashed lines correspond to the even harmonics which are shown to be significant with respect to the fundamental frequency.
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(a) (b) 

  
(c) (d) 

 Fig. 13  NFA results showing a modal interaction between modes 10 and 18; (a) max DOF frequency content; (b) 

significant frequency content for all modes; (c) MAC between mode 18 and the deflection shape of the second 

harmonic; and (d) imaginary part of the drive point FRF showing that mode 18 is not well excited by the shaker 
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18 was active in the measured response. Additionally, the amplitude of mode 18 is equal to or greater than that of the 

mode targeted by the NFA test. It was also shown that shaker nonlinearity was not the likely source of mode 18 

excitation. Therefore, these results indicate that a modal interaction occurred between modes 10 and 18, driven by the 

nonlinear physics activated by the joint of interest. These results corroborate the observation from Fig. 12d that the 

NLMM is unable to replicate the second harmonic response of max DOF in the sine beat because modal interactions 

violate one of the underlying assumptions of the NLMM. This motivates future work to include additional nonlinear 

forcing terms in the NLMM formulation to include modal interactions as this work has shown that this nonlinear 
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modal model for a single mode of interest up to high levels of response. In both cases, the nonlinear modal model was 
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This work showed that nonlinear modal models were able to accurately capture the response of two industrial 

structures in a computationally efficient manner. This technique assumes that the modes are uncoupled and that they 

do not interact. For Case Study 2, the nonlinear modal model simulation less accurately replicated the structural 

Fig. 13 NFA results showing a modal interaction between modes 10 and 18; (a) max DOF frequency content; (b) significant
frequency content for all modes; (c) MAC between mode 18 and the deflection shape of the second harmonic; and (d)
imaginary part of the drive point FRF showing that mode 18 is not well excited by the shaker

The linear natural frequency of mode 18 is approximately twice that of mode 10, so the large second harmonic indicates a
potential for a modal interaction. The measured accelerations from the NFA test were cast to modal space. The magnitudes
of all harmonics of all modes which surpass 50% of that of the fundamental component of the mode of interest (mode 10)
are plotted in Fig. 13b. Only the second harmonic of mode 18 exceeds this threshold and even exceeds the amplitude of the
fundamental component of the mode 10. Thus mode 18 is well excited and is comprised on mainly of the second harmonic.
Furthermore, the MAC between the linear shape of mode 18 and the operational deflection shape of the second harmonic is
shown in are plotted in Fig. 13c. The minimum MAC value is 90, indicating a high correlation between these two shapes
and that the second harmonic is deforming in the shape of mode 18. No other linear mode shape had a MAC value larger
than 30. Lastly, shakers can produce a second harmonic in force through their own nonlinear electrodynamics [12], so there
is potential that, given the high amplitude forcing, mode 18 is being driven by the nonlinearity of the shaker. Fig. 13d shows
the imaginary part of the drive point FRF with modes 10 and 18 indicated. This FRF shows that mode 18 is poorly excited
by the drive location, and therefore it is unlikely to be driven to such high amplitudes via any shaker nonlinearity.

These plots indicate that during the NFA test of mode 10 a large second harmonic that deformed in the shape of mode 18
was active in the measured response. Additionally, the amplitude of mode 18 is equal to or greater than that of the mode tar-
geted by the NFA test. It was also shown that shaker nonlinearity was not the likely source of mode 18 excitation. Therefore,
these results indicate that a modal interaction occurred between modes 10 and 18, driven by the nonlinear physics activated
by the joint of interest. These results corroborate the observation from Fig. 12d that the NLMM is unable to replicate the
second harmonic response of max DOF in the sine beat because modal interactions violate one of the underlying assump-
tions of the NLMM. This motivates future work to include additional nonlinear forcing terms in the NLMM formulation to
include modal interactions as this work has shown that this nonlinear phenomenon can occur in industrial structures.
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Summary

Two case studies from industry were presented where nonlinear modal modelling was used first to identify the nonlinear
modes of each structure and then to predict the full-field response to an arbitrary excitation force. The main sources of
nonlinearity in both case studies were bolted joints. The objective for Case Study 1 was to capture all the nonlinear modes
within a bandwidth of interest. The aim for Case Study 2 was only to identify and develop a nonlinear modal model for
a single mode of interest up to high levels of response. In both cases, the nonlinear modal model was shown to generally
replicate the measured response of the structures well and proved to be an improvement over a strictly linear approach.

This work showed that nonlinear modal models were able to accurately capture the response of two industrial structures
in a computationally efficient manner. This technique assumes that the modes are uncoupled and that they do not interact.
For Case Study 2, the nonlinear modal model simulation less accurately replicated the structural response at the second
harmonic of the mode of interest. Further investigation via nonlinear force appropriation testing of the mode of interest
revealed a modal interaction: the nonlinearity activated in the mode of interest generated a second harmonic which excited
a higher frequency mode. Therefore, the decreased accuracy of the nonlinear modal model simulation results at this higher
frequency is attributed to the structure violating an underlying assumption of the nonlinear modal modeling process. This
motivates the future work of developing identification techniques to incorporate this type of behavior into the nonlinear
modal modeling process.
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Chapter 9Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Decoupling of Nonlinear Substructures using Quasi-linear
Frequency Response Functions

Furkan K. Çelik, Taylan Karaağaçlı, M. Bülent Özer, and H. Nevzat Özgüven

Abstract Although decoupling methods based on measured frequency response functions (FRFs) have been extensively
studied for linear systems, the development of decoupling methods for nonlinear systems is still in its infancy. A recently
developed nonlinear system identification technique, namely the Response-Controlled Stepped-Sine Test (RCT) method,
showed that nonlinear systems, in general, exhibit quasi-linear behavior independent of the location, type, and severity of
nonlinearity provided that the displacement amplitude of a specific coordinate (generally excitation point) is kept constant
in a single input sine testing with closed-loop control. This finding opened the way for adapting linear modal analysis and
substructuring techniques to nonlinear systems. This study extends the previously developed FRF Decoupling Method for
Nonlinear Systems (FDM-NS), which is limited to a localized nonlinearity, to the case of multiple nonlinearities distributed
all over the coupled structure. After obtaining the quasi-linear FRFs of the coupled nonlinear structure and the known non-
linear substructure using RCT, linear decoupling formulations are applied. These formulations are used to decouple the
structure at single or multiple connection points to predict the quasi-linear FRFs of the unknown nonlinear substructure.
Then, response-level dependent nonlinear modal model parameters are identified by applying linear modal analysis methods
to these quasi-linear FRFs. Finally, the nonlinear modal model can be used to synthesize the constant force FRFs of the
unknown nonlinear substructure. The extended approach is verified using case studies, and its accuracy and limitations are
discussed.

Keywords Nonlinear Structural Dynamics · Nonlinear Decoupling · Nonlinear Substructuring · Substructuring · Response-
Controlled Testing

Introduction

Decoupling techniques aim to determine the dynamic characteristics of unknown substructures or joints within larger assem-
blies without additional experimental or computational effort. Extensive research on substructuring [1–3] has demonstrated
that decoupling can be applied across frequency and modal domains. Studies have elaborated on the theoretical foundations
of substructuring and have demonstrated its application through various linear case studies, e.g. [3–6].

Recent studies also applied coupling/decoupling techniques to nonlinear systems. For example, [7–9] implemented linear
structural modification techniques to nonlinear systems using response-controlled testing. In [10], FDM-NS was proposed
to decouple nonlinear systems with a localized nonlinearity in the frequency domain. Another method conducted coupling
of nonlinear numerical systems using optimization [11]. One of the early works showed the applicability of modal coupling
on numerical systems with nonlinear connection elements [12] .

With the increasing interest and need for nonlinear mechanical system identification, this area has improved rapidly
in the last decade. New generation modal identification methods such as Control-Based Continuation (CBC) [13] , Phase-
Locked Loop (PLL) [14] , and Response-Controlled stepped-sine Testing (RCT) [15] have been proposed and validated in
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various theoretical and experimental cases. Among these techniques, the application of RCT on nonlinear structures results
in quasi-linear FRFs, which opens the way for using linear substructuring methods with nonlinear systems.

The theory of the method discussed in this paper is quite straightforward [16] and built on quasi-linear FRFs, which
can be obtained by employing RCT. The method makes it possible to apply the decoupling techniques for linear structures
to nonlinear structures exhibiting nonlinearities in any or all substructures. In that respect, it extends FDM-NS [10] to
nonlinear systems regardless of the location, type, or severity of the nonlinear elements. The application of the method on
a real structure with weak and local nonlinearity [17] gave promising results. However, the applications and limitations
of the method are not studied extensively. This paper aims to provide an investigation on the applicability, accuracy and
limitations of the method. Firstly, the underlying theory of RCT and linear decoupling will be presented, and then examples
of decoupling from a single and multiple connection degree of freedoms (DoFs) will be presented to reach conclusions about
the accuracy and limitations of the method.

Theory

The method suggested in [7,10] was restricted to cases where the nonlinearity is localized at the excitation DoF, or the
nonlinearity is between two DoFs where the relative displacement of these DoFs is kept constant with closed loop control.
This restriction can be bypassed by the application of RCT, which is used to identify various other real system nonlinearities,
such as a piezo-actuator shown in Fig. 1 [18] , a control fin actuation mechanism with high friction [19] and a bolted
lap-jointed structure [20] .

Fig. 1 Quasi-linear constant-response FRFs of Nonlinear Piezoelectric Actuators measured by RCT

The equation of motion of a nonlinear system with structural damping can be written in the frequency domain as follows,

−ω2MX + iHX + KX +∆ (X)X = F (1)

Herein, M , K, and H are the underlying linear system’s mass, stiffness, and structural damping matrices, respectively.
∆ denotes the response level dependent nonlinearity matrix [21] . X is the response amplitude vector, F is the harmonic
excitation amplitude vector, and ω is the excitation frequency.

Eq. (1) assumes that the system is under harmonic excitation and that the effect of sub- and super-harmonics is negligible.
By keeping any DoF of the system under a constant harmonic displacement amplitude, the displacement amplitudes of
all DoFs remain nearly constant around the resonance region due to nonlinear normal mode theory [22] . This approach
ensures that the nonlinearity matrix [21] behaves as an equivalent stiffness or damping matrix, making the system quasi-
linear. Subsequently, classical modal identification techniques like peak-picking are applied to the resulting response-level-
dependent quasi-linear FRFs, yielding a response-level-dependent modal model of the system. The constant-force frequency
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responses of the nonlinear system can then be synthesized by solving the following equation with the Newton-Raphson
method and the arc-length continuation algorithm.

Xj (qr) =
Ajkr (qr)Fk

ω2
r (qr)− ω2 + i2ξ (qr)ωωr (qr)

(2)

Herein, Xj denotes the response amplitude of the jth DoF, Fk denotes the harmonic forcing amplitude at kth DoF, Ajkr,
ωr, ξ and qr denote the modal constant, natural frequency, modal damping ratio, and modal amplitude of the rth mode,
respectively. A more detailed explanation of the theoretical background and derivations can be found in [15] .

The quasi-linear FRFs can be used to apply structural modifications to a nonlinear system or couple it with another
structure [7–9]. They can also be used to decouple a nonlinear structure from a single or multiple connection points [16] .
Linear dual decoupling method can be used to decouple the structure. Dual decoupling assumes force equilibrium from the
outset. Linear FRFs can be directly used in these equations, but nonlinear systems must also satisfy compatibility conditions
because they contain response-level dependent elements. In a previous work [11] , it is shown that compatibility conditions
can be satisfied iteratively. However, since RCT enforces a constant displacement level at the control DoF, the compatibility
condition is not required to be satisfied iteratively. Any available linear dual decoupling formulation can be used alongside
RCT to decouple the quasi-linear FRFs. In this study, the formulation given in Equation (3) is used. Its derivation can be
found in [3] .

HB =

[
HC 0

0 −HA

]
−
[

HC 0

0 −HA

]
(
BC

)T(
BA

)T


[

BC BA
] [ HC 0

0 −HA

]
(
BC

)T(
BA

)T




−1

[
BC BA

] [ HC 0

0 −HA

]
(3)

where HA, HB, and HC indicate the FRFs of subsystems A, B, and the coupled system C, respectively. BA and BC corre-
spond to the Boolean matrices of subsystems A and the coupled system C, respectively.

Systems Coupled From A Single Point

The method is initially demonstrated by using the discrete system shown in Fig. 2. The mass and stiffness values used in this
case study are 0.1 kg and 1x104 N/m , respectively. The structure has 1% structural damping, and the cubic stiffness value
is kcubic = 1x107N/m3.The mass at the connection point is divided into two equal parts.

Fig. 2 Lumped coupled system with distributed cubic stiffness nonlinearities

Simulated RCT experiments are performed on both the coupled system C and subsystem A while maintaining the con-
nection DoF (shown as a red dashed line in Fig. 2) at constant displacement amplitude levels and applying force to the same
DoF, to decouple subsystem B from subsystem A. These simulations result in quasi-linear FRFs for the coupled system C
and subsystem A. The quasi-linear FRFs at different displacement amplitude levels are then used with the dual decoupling
formulation given in Eq. (3) to obtain the quasi-linear FRFs of subsystem B. The modal identification using these quasi-
linear FRFs provides the modal parameters for each response level. A spline-fitted, response-level dependent modal model
is then used in Eq. (2) to synthesize constant-force FRFs of the system, as shown in Fig. 3.

The synthesized constant force FRFs of Subsystem B are validated by comparing them with the ones directly obtained
from constant-force simulations of Subsystem B, as shown in Fig. 3. The subscripts in the FRF correspond to the decoupling
DoF in Fig. 2, which is named as the first DoF of Subsystem B. As can be seen from Fig. 3, the match between the
synthesized and directly simulated FRFs is excellent. In this scenario, the linear modes of systems C and A are at 95.71
rad/s and 87.25 rad/s, respectively, and are relatively near the identified mode of subsystem B. In a real engineering system,
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Fig. 3 Constant force direct point FRFs of Subsystem B

as the resonance frequencies of the subsystems become further away from each other, issues such as increased error as
well as noisy appearance of the decoupled quasi-linear FRFs may occur due to noise becoming more dominant at off-
resonance frequencies. Another practical challenge will be achieving the required force levels to reach higher values of
constant displacement amplitudes at frequencies where the receptance values are significantly lower than at resonance.

Systems Connected From Multiple Points

Lumped parameter system

The method is also tested when two substructures are connected from multiple connection points. To see the effect of the
strength of nonlinearity on the inaccuracies, the nonlinearities are attached in two configurations to the system, as shown
in Fig. 4. In the first configuration, there is only the green nonlinearity (between mass 9-12). The second configuration has
both the green (between mass 9-12) and blue (between mass 13-14) nonlinearities. The parameters of the system are given
in Table 1. The structure has 1% structural damping, and the cubic stiffness is taken as kcubic = 1× 107N/m3. DoFs 6, 7,
and 8 are the connection DoFs that connect subsystem B to subsystem A.

Fig. 4 Coupled nonlinear system with three connections (DoFs)

The displacement of the 6th DoF is kept constant while external excitation forces are applied in three separate sets of
simulations at the 6th, 7th, and 8th DoFs. These simulations are designed to capture the quasi-linear FRFs of both subsystem
A and the coupled system including HA

77, HC
77, HA

88 and HC
88. These FRF matrices are then used in Eq. 3 to determine the

FRFs of subsystem B.



Decoupling of Nonlinear Substructures using Quasi-linear Frequency Response Functions 67

Table 1 Properties of the lumped coupled system with multiple connections.

Index 1-5 6-8 9-16
Mass [kg] 1 1.5 1

Stiffness [N/m] 10000 10000 10000

In the case of multiple connection points, errors in the FRF estimates of Subsystem B arise because the system is
connected through an nxn matrix where n is the number of connection DoFs (in this example, n = 3). The constant force
FRF for the 2nd configuration is shown in Fig. 5. Zoom-box around the resonance peaks in Fig. 5 aims to show the amplitude
errors more clearly. The comparison of two versions of the system for all force levels is given in Table 2.

Fig. 5 Constant force FRF comparison for configuration 2 with two nonlinearities

Table 2 Natural frequency and peak level errors of the two configurations of synthesized nonlinear constant force FRFs.

- Force [N] 0.1 1 2 3 4
Configuration 1 Error in Natural Frequency [%] 0.001 0.033 0.127 0.282 0.415

Error in Peak [%] 0.019 1.170 3.441 5.296 6.624
Configuration 2 Error in Natural Frequency [%] 0.001 0.027 0.150 0.443 0.880

Error in Peak [%] 0.020 1.342 4.318 7.642 11.728

The linear modes of system C and A are at 71.31 rad/s and 73.66 rad/s, respectively, and are near the identified mode of
subsystem B. Table 2 shows that the errors increase with higher force levels. Also, when the number of nonlinearities in the
system increase, the errors also increase.

Continuous system

The effectiveness of the method is also tested on the continuous beam shown in Fig. 6, coupled from a single connection
point, but two DoFs (translational and rotational). Since rotational forcing cannot be applied experimentally, and measuring
rotational displacement is also very difficult, D’Ambrogio and Fregolent [6] suggested modifying the dual decoupling pro-
cedure for continuous systems. One of these methods is the mixed interface decoupling. This method uses some of the DoFs
from the connection interface and some of the DoFs from the internal nodes of the known substructure.

To decouple substructure B from the coupled system C, RCT is applied to the translational DoFs of the 5th and 9th nodes
for displacement levels 0.01 mm to 0.4 mm. However, in both simulated experiments, the displacement of the translational
DoF of the 9th node is kept constant while changing the force location. The decoupled quasi-linear FRFs are used to obtain
the modal model of the nonlinear cantilever beam. The obtained modal model is used to synthesize the constant force FRFs
in Fig. 7.

As the internal DoF is also used to decouple the nonlinear beam, the errors given in Table 3 are relatively low compared
to the system in Fig. 4, despite the higher degree of nonlinearity. The low error shows that using a mixed interface decoupling
with RCT can effectively decouple nonlinear systems, whether continuous or lumped.
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Fig. 6 Nonlinear beam subjected to decoupling

Fig. 7 Constant force FRF comparison of decoupled nonlinear beam

Table 3 Natural frequency and peak level errors of the synthesized nonlinear constant force FRF of the decoupled nonlinear
beam.

Force [N] 0.1 0.2 0.3 0.4
Error in Natural Frequency [%] 0.003 0.020 0.279 0.789
Error in Peak [%] 0.132 0.529 1.130 1.906

Conclusion

This study examines the applicability, accuracy, and limitations of the method proposed in [16] to extend FDM-NS [10] ,
originally developed for systems with localized nonlinearities, to address multiple nonlinearities in one or both substructures
of a coupled system. The method’s accuracy in estimating a decoupled subsystem’s constant force and constant amplitude
frequency response functions is demonstrated through numerical simulation case studies. The results are generally highly
successful, even for higher levels of nonlinearity. While the error in frequency response estimation increases with the degree
of nonlinearity in multiple DoF decoupling, incorporating internal DoFs in the process significantly reduces these errors.
A key limitation of the method arises from the relationship between the resonance frequency regions of the substructures
and the coupled system. When the resonance frequency of the unknown substructure falls in off-resonance regions of the
coupled system, noise may complicate the estimation of the unknown substructure. Additionally, achieving the required
force levels in frequency regions where the receptance is lower than near-resonance values may present practical challenges.
Nevertheless, the case studies, including those not reported here, show promising results, suggesting that the method holds
significant potential for practical applications.
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7. Arslan, Ö. and Özgüven, H. N., Modal Identification of Nonlinear Structures and the Use of Modal Model in Structural Dynamic Analy-
sis, Proceedings of the 26th International Modal Analysis Conference, The Society of Experimental Mechanics, Orlando, Florida, 2008.
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Chapter 10Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
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An Overview of ANSYS Harmonic Balance Method: Current
Capabilities and Future Directions

Michael Kwarta

Abstract Nonlinear structural dynamics have gained increasing interest in the industry due to several key factors, includ-
ing: (i) the necessity to redesign structures for greater weight efficiency, thereby reducing fuel consumption, (ii) the need
for accurate prediction of the dynamics of structures oscillating at high amplitudes, and/or (iii) the importance of mod-
eling the effects of bolted connections on a system’s nonlinear response. Although nonlinear structures can be simulated
using brute-force transient solvers, the computational time required is often inefficient for practical applications. The Har-
monic Balance Method (HBM) has emerged as one of the most popular and effective methods for simulating the forced
periodic responses of nonlinear systems. When coupled with a continuation algorithm, HBM can efficiently compute key
characteristics of nonlinear systems, such as nonlinear frequency response functions and nonlinear normal modes. This
work presents the current capabilities of the Ansys-HBM toolkit, which was recently incorporated into the Ansys portfolio.
It discusses the physical features contributing to the nonlinear response of mechanical systems, which are supported by
Ansys-HBM at the time of this publication. Additionally, features particular to HBM, such as providing initial guesses and
scaling the solution vector, are described. The toolkit is evaluated using benchmark examples. Finally, the publication con-
cludes with a discussion on future enhancements driven by industry requests that will be integrated into upcoming software
releases.

Keywords Harmonic Balance Method · Nonlinear Mechanical Vibrations · Nonlinear Response Function · Benchmark
Testing · Industry Applications

Introduction

Nonlinear structural dynamics have gained increasing interest in the industry due to several driving factors,
including:

(i) the necessity to redesign structures for greater weight efficiency, thereby reducing fuel consumption,

(ii) the need for accurate prediction of the dynamics of structures oscillating at high amplitudes, and/or

(iii) the importance of modeling the effects of bolted connections on a system’s nonlinear response.

The nonlinear characteristics of a structure can arise from local or distributed nonlinearities. Examples of the former
include a bolted joint connection [1] or a small fracture in the system [2], while the latter may be exhibited by curved
beams or plates due to high-amplitude oscillations [3], [4], [5], [6]. Even though the structures with nonlinear character-
istics can be simulated using brute-force transient solvers, the computation time required for these simulations is often
inefficient.

The Harmonic Balance Method (HBM) [7] is one of the most popular and effective techniques for simulating the
forced periodic responses of nonlinear systems. When coupled with a continuation algorithm, HBM can calculate key charac-
teristics that describe a nonlinear system, such as the nonlinear frequency response and the nonlinear normal
mode [8].
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The objective of this work is to present the current capabilities of the Ansys-HBM toolkit, which was recently included in
the Ansys portfolio. This paper describes the physical phenomena that cause the nonlinear response of mechanical systems
supported by Ansys-HBM at the time of this publication. Furthermore, the numerical capabilities specific to HBM and
supported by the software are also described.

Harmonic Balance Method Overview

The Harmonic Balance Method (HBM) is a computational technique used to analyze nonlinear dynamical systems in the
frequency domain. It enables the determination of steady-state periodic responses by solving the equations of motion asso-
ciated with these systems. Recently integrated into Ansys’ portfolio, HBM facilitates high-accuracy and high-performance
simulations.

In Ansys-HBM analysis, a model is typically divided into linear and nonlinear components. A fundamental harmonic
balance equation is established and solved using the Newton-Raphson (NR) routine combined with continuation algorithms.
This approach allows for the calculation of nonlinear response functions, making HBM particularly valuable for engineers
and researchers working with complex mechanical systems.

At the time of this publication, HBM analysis supports specific nonlinearities, including elements modeling nonlinear
stiffness, damping, and node-to-node contact elements. The linear components of the system may be reduced using com-
ponent mode synthesis (CMS) to enhance efficiency. CMS techniques, such as the Craig-Bampton method [9], effectively
split the structure into smaller components while maintaining their interface degrees of freedom. For a more comprehensive
description of Ansys-HBM, including the derivation of the fundamental equation, convergence criteria, best practices, and
step-by-step examples, please refer to the Ansys-HBM Analysis Guide [10].

Overview of the Convergence Improvement Techniques

Achieving convergence in nonlinear analyses can sometimes be challenging. Ansys-HBM offers several techniques to im-
prove convergence when issues arise.

Initial Guess Adjustment
When HBM analysis encounters convergence problems while calculating the first point on the nonlinear response func-

tion (RF), one effective strategy is to optimize the initial guess. By default, the nonlinear multi-harmonic solver uses zero
initial condition for this calculation, which can lead to convergence failures. To mitigate this, users can provide a more
informed initial guess, derived from a static analysis or a previous HBM run. This approach can significantly improve the
likelihood of successful convergence.

Scaling the Solution Vector
Another technique to enhance convergence is scaling the augmented multi-harmonic solution vector. In a Newton-

Raphson routine, discrepancies in the orders of magnitude among the solution vector components can lead to numerical
roundoff errors, which can extend convergence times or cause failures. This is particularly relevant in scenarios where the
amplitude of the forcing frequency differs significantly from the response amplitude.

To address this numerical issue, users can linearly scale each component of the solution vector by a scalar value or by
values specified in a scaling vector. In many cases, applying one scaling value for displacements and another for the forcing
frequency is sufficient to improve convergence rates.

Assuming the augmented multi-harmonic vector of unknowns (ū+) is expressed as shown in Eq. (1):

u+ =

[
u
ω

]
, (1)

where u is the multi-harmonic solution vector and ω is the forcing frequency, Ansys-HBM allows for the scaling of selected
components of this vector. The scaled vector u+ can be represented as shown in Eq. (2):

u+ =

[ −→a ◦ u
b× ω

]
, (2)

where −→a is a vector of the same length as u, and b is a scalar. This scaling approach helps stabilize the solution process and
improve convergence, as illustrated in Figure 1.
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Fig. 1 Solution to a case study from [11] obtained using Ansys-HBM. In this particular study, if solution vector scaling
is not applied, the algorithm struggles to achieve convergence near the boundaries between the stable and unstable regions
of the nonlinear frequency response functions (chart on the left). The chart on the right shows the solution after applying
solution vector scaling, which significantly improves convergence.

For more details on these techniques and their implementation, please refer to the Ansys-HBM Analysis Guide [10].

Application of the Ansys-HBM to a Benchmark Example

In this benchmark example, the Harmonic Balance Method (HBM) is applied to a Brake-Reuss cantilever beam. This struc-
ture consists of two beams featuring a frictional contact surface between them, connected by three prestressed bolted joints.
A point input force is applied to one beam, while the motion of the corner of the other beam is monitored. Since this example
involves a Brake-Reuss cantilever beam, one end of the assembly is fixed. The geometry of the beam in this study is similar
to that described in [12]. The specific geometry, boundary conditions, and loads are illustrated in Figure 2.

Fig. 2 Geometry, boundary conditions, and load setup for the Brake-Reuss cantilever beam model used in this benchmark
example.

Figure 3 presents sample results obtained using the Ansys-HBM. The graph displays frequency responses (FRs) acquired
near the second nonlinear bending mode of the cantilever beam, computed for various input force magnitudes. Notably, the
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Fig. 3 Frequency response (FR) curves for the Brake-Reuss cantilever beam near the second nonlinear bending mode,
obtained for various input force magnitudes. The nonlinear normal mode (NNM) curve illustrates the amplitude-dependent
natural frequency and its stiffening-softening characteristic.

plot reveals that the nonlinear natural frequency, represented by the nonlinear normal mode (NNM) curve, is amplitude-
dependent and exhibits a stiffening-softening characteristic.

Conclusions

This work has presented an overview of the ANSYS Harmonic Balance Method (HBM) and its capabilities for simulating
nonlinear oscillating mechanical systems. The application of ANSYS-HBM to the Brake-Reuss cantilever beam example
demonstrated its effectiveness in capturing amplitude-dependent nonlinear response functions. The results show that the im-
plemented method can accurately represent nonlinearities in systems featuring bolted joints and contact surfaces. Moreover,
this work discussed various techniques for improving convergence in HBM analyses, such as optimizing initial guesses and
scaling the solution vector. These strategies enhance the reliability and efficiency of simulations, addressing common chal-
lenges encountered in nonlinear analyses. Future work will focus on further refining this method, exploring additional types
of nonlinearities, and applying HBM to more complex systems.
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Chapter 11Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Derivative-Free Arclength Control-Based Continuation
for Secondary Resonances Identification

Alexandre Spits, Ghislain Raze, and Gaëtan Kerschen

Abstract Mechanical structures exhibiting nonlinear dynamical behaviors possess co-existing stable or unstable periodic
solutions at given excitation parameters, with possible jumps between solutions when the parameters are varied. In addition
to their fundamental resonances, they can resonate at any multiple or fraction of the excitation frequency, a phenomenon
known as superharmonic or subharmonic resonance, respectively, which has received less attention so far in the technical
literature.

Control-based approaches have been developed for more systematic and reliable testing of nonlinear structures. This
work exploits a novel derivative-free method for experimental continuation, termed arclength control-based continuation
(ACBC). An extended version of ACBC (x-ACBC) relying on a double-control strategy is proposed herein. We show that
this approach can successfully identify superharmonic and subharmonic resonances. Furthermore, x-ACBC can transition
effectively to isolated branches of periodic solutions by leveraging a temporarily invasive control. Numerical and experi-
mental demonstrations of x-ACBC carried out on a Duffing oscillator serve to validate the proposed developments.

Keywords Control-based continuation · Secondary resonances · Derivative-free method · Isolated responses

Introduction

Despite significant progress in the theoretical understanding and numerical prediction of nonlinear dynamics, designing
mechanical systems with nonlinear behavior remains a challenge. Developing accurate models requires experimental data,
and analyzing this data is often complex and time-consuming.

Traditional open-loop experimental testing methods are insufficient for characterizing nonlinear structures. To address
this, control-based methods have been introduced to simplify the identification of nonlinear responses, requiring no prior
knowledge of the system. Experimental continuation methods combine non-invasive feedback control and continuation to
construct complete bifurcation diagrams experimentally, stabilizing any open-loop response.

Control-based nonlinear vibration testing has developed into two primary approaches: phase-locked loop (PLL) testing
[1] and control-based continuation (CBC) [2]. The key distinction between these methods lies in the controlled experimental
parameter. In PLL, the phase lag is controlled, while in CBC, it is the amplitude of the response’s first harmonic. Establishing
a one-to-one relationship between the control parameter and the bifurcation parameter is crucial for both methods.

PLL testing and CBC are widely used for characterizing primary resonances, and until recently, experimental tests
focused mainly on this resonance. Higher harmonics can also offer valuable insights into a system’s behavior. Nonlinear
modes can resonate when a structure is excited at multiples or fractions of the primary resonance frequency, often producing
harmonics with larger amplitudes than the fundamental harmonic. Characterizing secondary resonances using traditional
CBC is challenging due to the presence of bifurcation parameter folds. Using phase resonance nonlinear modes [3], PLL
testing can be applied to identify backbone curves and nonlinear frequency response curves (FRCs) around superharmonic
and subharmonic resonances [4, 5]. However, the full isola cannot be captured because it cannot be uniquely parametrized
by the phase lag.

Both PLL and CBC methods exploit the control of a specific bifurcation parameter to unfold FRCs, although this is not
always guaranteed. Identifying folded FRCs directly would require numerical continuation methods that involve derivative
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computations [6], which are difficult to perform experimentally due to unavoidable noise. A new approach, called arclength
control-based continuation (ACBC), was proposed, which is conceptually simple and derivative-free [5]. Initial experimental
results demonstrated its effectiveness in identifying the fundamental resonance of a geometrically nonlinear beam. Besides
managing bifurcations and unstable branches, the algorithm successfully identified an isolated branch of periodic solutions
containing both stable and unstable segments. Limitations were noted in detecting superharmonic resonances in an electronic
Duffing oscillator [7].

This work introduces an extended version of ACBC, referred to as x-ACBC, which enables the identification of response
curves near secondary resonances in an experimental Duffing oscillator, as outlined in [8]. (Ultra-)subharmonic resonances
may manifest as attached or isolated branches of periodic responses. The x-ACBC method facilitates transitions between the
main response branch and these isolated branches.

Background

A simplified version of the original CBC is considered here [2]. CBC stabilizes any orbit of the uncontrolled system by
indirectly enforcing the response amplitude. Due to the presence of nonlinearities in the experiment, the system exhibits
a multi-harmonic response. As illustrated in Figure 1, the measured response, x, is compared to a reference response, x∗,
to generate an error signal, x∗ − x, which is then fed into a PID controller. In contrast to traditional feedback control, the
objective of the control-based experiment is not to ensure that x matches the reference x∗. Rather, it involves adjusting the
reference x∗ itself until the controller produces an output that effectively excites the structure as intended.

Fig. 1 Block diagram of control-based experiment [8].

If the controller is non-invasive, meaning its output is mono-harmonic, the stabilized orbit aligns with the desired open-
loop orbit. Since the PID controller is linear and time-invariant, its output remains mono-harmonic as long as the error,
x∗ − x, is also mono-harmonic. Non-invasiveness is guaranteed when the non-fundamental harmonics of the reference
match those of the actual response, i.e., x∗

nf = xnf . This condition can be satisfied either through offline Picard iterations or
online adaptive filters.

Once this condition is met, the first harmonic of x∗ controls the excitation level. The fundamental amplitude of x does
not equal the one of x∗, but it converges to it as the controller gain is increased. With sufficiently high gain, the fundamental
amplitude becomes a monotonic function of the excitation amplitude, allowing for sequential continuation to trace the
S-curve at a specific frequency. A response surface can be constructed by measuring multiple S-curves across different
frequencies. This surface can then be sliced at a constant force level to identify an FRC.

The main limitation of this CBC version is that it explores a large portion of the response surface, whereas only a specific
segment is typically needed.

Arclength control-based continuation (ACBC) is a novel method designed to directly identify FRCs, eliminating folding
issues and jumps. The structure of the control-based experiment is similar to CBC, with the key difference being the choice of
the reference signal. As in CBC, the non-fundamental harmonics of the reference x∗ are determined using adaptive filters to
meet non-invasiveness criteria. The continuation process involves combining the excitation frequency with the fundamental
harmonic of the response.

Figure 2 illustrates the basic idea of the arclength continuation. Assuming distinct solutions rarely share the same funda-
mental amplitude at a given frequency, FRCs are essentially one-dimensional in the plane of fundamental amplitude versus
excitation frequency. A small ellipse, centered on a point of the branch, will intersect the curve at two points. At these inter-
sections, the force from the controller u matches the target excitation amplitude u∗. Other points on the ellipse correspond
to FRCs at higher or lower forcing levels.

The continuation procedure is as follows: once two points on the FRC are identified, a small ellipse is drawn, with the
most recent point at the center and the previous one on the ellipse. Starting from this intersection, the ellipse is swept by
varying the eccentric anomaly α, until reaching the next intersection. This provides the next FRC point, which becomes the
center of the subsequent ellipse.
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Fig. 2 Illustration of the arclength continuation method introduced in [5]. Circles indicate previous responses, the square
marks the next response, the blue point is the ellipse’s center, and the red markers are intersections along the arc.

Different strategies can be applied to adjust the sweeping rate. While a higher sweeping rate enables faster continuation,
it is constrained by the system’s transient response and the speed of the adaptive filters to ensure non-invasive control. A
continuous integral law, α̇ = ki(u − u∗), controls the angle α. This ensures the algorithm converges toward intersections
and prevents retracing previously identified points.

Both CBC and ACBC assume that distinct FRC solutions do not share the same fundamental amplitude at a specific
excitation frequency. While this holds for fundamental resonances, it breaks down near secondary resonances. In these re-
gions, multiple system responses at different forcing levels may exhibit the same fundamental amplitude at a given excitation
frequency, although their non-fundamental components differ [5, 7].

x-ACBC is an enhanced version of ACBC that addresses this limitation by introducing control over the non-fundamental
resonant harmonic, enabling the identification of secondary resonances. This allows it to distinguish between distinct re-
sponses that would otherwise overlap in the (A)CBC working plane. An example can be considered when the lth harmonic
is resonating. In Figure 3 (left plot), each solution in the region with three solutions is characterized by a unique pair of
Fourier coefficients (sx,l, cx,l). An ellipse with a zero-frequency semi-major axis is considered for the arclength sweep,
forming a vertical line to simplify the subsequent explanations.

nf

nf

Fig. 3 Left: FRC around a secondary resonance, with colored points indicating solutions on different branches of this
resonance. Right: Variation of a non-fundamental resonant harmonic Fourier coefficient of the control action, su,l, with
respect to the controlled non-fundamental resonant harmonic Fourier coefficient of the reference displacement, sx∗,l.

Control is applied to one of the lth harmonic Fourier coefficients of the reference, e.g., sx∗,l. This non-fundamental
control aims to match the controlled non-fundamental Fourier coefficient sx∗,l with one of the three non-fundamental Fourier
coefficients sx,l. The error sx∗,l − sx,l is the input to the non-fundamental control. An integral controller ensures smooth
convergence to the sought solution, defined by the control law ṡx∗,l = ki,nf su,l = ki,nf (sx∗,l − sx,l). As shown in Figure
3 (right plot), when multiple solutions are possible, the sign of the controller gain ki,nf and the initial value of the controlled
Fourier coefficient sx∗,l determine which solution will be stabilized.
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Non-invasiveness is not guaranteed throughout the arclength sweep. It is only achieved when the controlled non-fundame-
ntal component of the reference sx∗,l matches that of the response sx,l, i.e., su,l = 0. An FRC solution is found when the
arclength sweep intersects with the desired FRC and the non-fundamental control ceases to be invasive.

Control of the resonating non-fundamental harmonic is performed simultaneously with the fundamental sweep, which is
assumed to be faster than the non-fundamental sweep. This allows the non-fundamental reference to remain approximately
constant while the fundamental component is adjusted.
By changing the sign of the controller gain ki,nf and the initial value of the controlled Fourier coefficient sx∗,l, distinct
solutions can be identified at a specific excitation frequency, including isolated branches of response. This approach is valid
as long as the arc is sufficiently large in the fundamental amplitude versus the excitation frequency plane.

Analysis

The x-ACBC algorithm was tested experimentally on an electronic Duffing oscillator subjected to harmonic forcing. The
setup is depicted in Figure 4. The electronic Duffing oscillator [7] is an electronic circuit designed to implement a weakly
dissipative oscillator with very strong nonlinearity and relatively small resonance frequencies. This setup offers a significant
advantage, allowing x-ACBC to face traditional experimental challenges without involving shaker-structure interactions. The
electronic system can be associated with equivalent coefficients similar to those in the Duffing equation, which is expressed
as follows

mẍ+ c ẋ+ k x+ k3 x
3 = p sinω t (1)

The equivalent coefficients are m = 10−4 [s2], c = 4.9 e− 4 [s], k = 1.68 [-], and k3 = 0.99 [V−2]. The forcing level
p is 2 [V]. FRCs are identified with the ACBC and x-ACBC.

Forcing signal

Velocity signal

Damping knob

Damping switch

Test points

Displacement signal

Power supply

Frequency knob

Nonlinearity switch

Nonlinearity knob

Frequency switchSingle/double-well switch

Fig. 4 Setup of the electronic Duffing system [7].

Figure 5 represents the identified bifurcation diagram of the electronic Duffing. Assessing stability in CBC presents a
significant challenge in experimental research. The objective of this study is to identify both stable and unstable open-loop
responses. The subsequent figures will not distinguish between stable and unstable solutions.

The fundamental resonance was identified using ACBC. Similar to a hardening Duffing oscillator, the fundamental
resonance of the electronic oscillator shifts to higher frequencies with an increase in the forcing level. Behaviors such as
multistability and amplitude-frequency dependence are observed. The complete identification of secondary resonances is
only possible using the x-ACBC algorithm. Three secondary resonances are identified: two superharmonic resonances (2 : 1
and 3 : 1), and one subharmonic resonance (1 : 3). Secondary resonances occur at values greater than one-third, one-half, or
three times the natural frequency (130 rad/s). The system exhibits strong nonlinear behavior due to its high forcing level and
cubic stiffness. The identification of other secondary resonances was not pursued in this study.

Unlike in the numerical Duffing oscillator, the pair-secondary resonances (here the 2 : 1 resonance) appear attached to
the main branch due to the asymmetry present in the electronic system. These asymmetries come from unavoidable offsets.

Isolated branches of solution require specific identification methods as they do not lie in the direct continuation of the
frequency response branch. Using the x-ACBC algorithm, the 1 : 3 subharmonic resonance detection begins from a point on
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Fig. 5 Bifurcation diagram of the Duffing oscillator with a forcing amplitude of 2 [V]. The FRC was identified using ACBC
and x-ACBC. Stable and unstable open-loop solutions are represented in the same way.

the main branch at a frequency near three times the natural frequency. The isolated subharmonic resonance was detected and
fully identified experimentally, a remarkable result. A complete isolated subharmonic resonance had already been identified
in [9] using an ad hoc method to detect the isola. The x-ACBC algorithm offers a more robust detection approach.

Figure 6 compares the FRC identified with the (x-)ACBC methods with swept sine tests for a 2 [V] forcing amplitude.
The (x-)ACBC method matches swept-up and -down sine results in stable solutions and identifies unstable solutions or
complex resonance shapes, which open-loop tests cannot. Nonlinear hysteresis is observed by reversing the swept sine test,
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Fig. 6 FRC around the 2 : 1, 3 : 1, and 1 : 1 resonances of the electronic Duffing oscillator at p = 2 [V]. The (x-)ACBC
results ( ) are compared with swept-up ( ) and swept-down ( ) sine tests.
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revealing distinct branches in regions with multiple solutions. The jump phenomenon manifests when the system transitions
from multiple possible solutions to a single solution.
Close to fold bifurcations, identification becomes more challenging because the Fourier coefficients of the merging branches
are closer in value, suggesting that a reduced integral gain may be needed for the non-fundamental control.

Conclusion

This work introduced an extended version of the ACBC method, a novel online, derivative-free method for experimental con-
tinuation. By controlling the non-fundamental resonant harmonic, x-ACBC can detect and identify complex superharmonic
and subharmonic resonance branches. The method was demonstrated experimentally using an electronic Duffing system.
Beside the fundamental resonance, three secondary resonances, namely 3:1, 2:1 and 1:3 resonances, could be completely
characterized.
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Chapter 12Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Modelling a Nonlinear Single-Degree-of-freedom System from
Experimental Data using Lagrangian Neural Networks

Alan Xavier and Ludovic Renson

Abstract Accurately modelling the dynamic behaviour of nonlinear structures is challenging due to the wide range of po-
tential nonlinearities and dynamic phenomena that they can exhibit. Physics-guided machine learning (PGML) has emerged
as an attractive way to combine prior knowledge with data to solve a wide range of complex, nonlinear problems in science
and engineering. Lagrangian Neural Networks (LNNs) are a particular PGML approach that models nonlinear systems’
Lagrangian functions using artificial neural networks (NNs). The Euler-Lagrange equation is then reconstructed through
automatic differentiation (AD) to derive the equations of motion, enforcing physical consistency during training.

In this work, we use LNNs to model the nonlinear vibrations of mechanical structures. We now explore the applicability
of our methodology to a nonlinear SDOF system from experimental data. We analyse the physical consistency of the trained
model and interpret the identified stiffness and damping nonlinearities from the partial derivatives of the potential energy
and dissipation functions.

Keywords Physics-guided Machine Learning · Lagrangian Neural Networks · Control-Based Continuation

Introduction

Physics-guided machine learning (PGML) combines physics principles and domain knowledge with data-driven approaches.
The goal of PGML is to create models that outperform both physics-based and data-driven ML models when used in iso-
lation, and address common limitations. Cranmer et al. [1] proposed Lagrangian Neural Networks (LNNs), where the La-
grangian, L = T − V , is parameterized by a neural network to model the action of a mechanical system, i.e. L ≈ Lθ,
where θ are trainable weights. By applying Hamilton’s principle, the Euler-Lagrange equation

d

dt

(
∂L

∂q̇j

)
− ∂L

∂qj
= 0 (1)

provide the system’s equations of motion (EoM). A convenient vector form of this equation (1) [1] is.

d

dt

∂L

∂q̇j
=

∂L

∂qj
→ d

dt
∇q̇jL = ∇qL →

(
∇q̇∇T

q̇ L
)
q̈ +

(
∇q∇T

q̇ L
)
q̇ = ∇qL (2)

The resulting EoM can then be used to solve for q̈ (3):

q̈ =
(
∇q̇∇T

q̇ Lθ

)−1 [∇qLθ −
(
∇q∇T

q̇ Lθ

)
q̇
]

(3)

where Lθ is the Lagrangian parameterized by a neural network. The neural network parameters can be obtained through the
minimisation of a loss function comparing measured data, q̈true, and model predictions, q̈LNN .

To model vibrating structures, the idea of LNNs was extended to deal with systems with external excitation and non-
conservative forces [2]. Incorporating an external excitation F (t) and a dissipation function D in (1), using the method
described in [3], yields the modified Euler-Lagrange equation:

d

dt

(
∂L

∂q̇j

)
− ∂L

∂qj
+

∂D

∂q̇j
− F (t) = 0 (4)

Alan Xavier · Ludovic Renson
Department of Mechanical Engineering, Imperial College London, South Kensington Campus, London SW7 2AZ, UK
e-mail: aax23@ic.ac.uk; a.xavier23@imperial.ac.uk; l.renson@imperial.ac.uk

© The Author(s), under exclusive license to River Publishers 2025 83
Ludovic Renson et al. (eds.), Nonlinear Structures & Systems, Vol. 1, Conference Proceedings
of the Society for Experimental Mechanics Series, https://doi.org/10.13052/97887-438-0146-7 12

aax23@ic.ac.uk
a.xavier23@imperial.ac.uk
l.renson@imperial.ac.uk
https://doi.org/10.13052/97887-438-0146-7_12


84 Alan Xavier and Ludovic Renson

The loss function used to minimize any discrepancy between the model and q̈true is now given by

ˆ̈q =
(
∇q̇∇T

q̇ Lθ

)−1
[∇qLθ −

(
∇q∇T

q̇ Lθ

)
q̇ −∇q̇Dθ + F (t)], (5)

where the damping and conservative dynamics of the system are modelled using separate neural networks, Dθ and Lθ,
respectively. Additional constraints are then introduced for the system at rest, namely that L (0, 0) = 0 and D(0) = 0. The
loss function can then be written as:

loss = λ0 · ||ˆ̈q − q̈||+
n∑

i=1

λi · Gi, (6)

where Gi is the i-th constraint in the loss function with the associated i-th weight, λi, balancing the loss terms. This allows
us to enforce any prior knowledge about the system to improve our network’s performance. The method was successfully
demonstrated numerically on a Duffing oscillator in [2].

Here, we test this LNN methodology on the experimental data collected on an SDOF oscillator with an adjustable
softening-hardening restoring force. The experimental setup is shown in figure 1. The training data was then obtained using
Control-based Continuation (CBC). Details on the experimental setup and the CBC algorithms used can be found in [4].
The experimental data set is a collection of so-called S-curves measured at fixed excitation frequencies, ω, between 23.7 Hz
and 25.4 Hz in steps of 0.1 Hz. In total, 780 periodic responses were measured, each consisting of a time series with 2000
samples. The displacements, x, y, velocities, ẋ, ẏ and accelerations, ẍ, ÿ, for the mass and base respectively, were directly
available from the experimental data. We divide the 780 continuation samples into 700 training and 80 test samples, as shown
in figure 2a.

Compared to our previous application of LNNs, the experimental system considered here has a base excitation. Assuming
that x is the displacement of the mass and y is the displacement of the base, we can write the EoM as

mẍ+ c[ẋ− ẏ] + k[x− y] + fNL(x− y, ẋ− ẏ) = 0, (7)

where m, k, c are the mass, stiffness and damping coefficients respectively. We further simplify (7) by letting q = x− y and
dividing throughout by m as shown in equation (8):

m[ẍ− ÿ] + c[ẋ− ẏ] + k[x− y] + fNL(x− y, ẋ− ẏ) = −mÿ ⇒ q̈ +
c

m
q̇ +

k

m
q +

1

m
fNL(q, q̇) = −ÿ (8)

The prediction of the accelerations from the Lagrangian, Lθ(q, q̇), and damping, Dθ(q̇), functions is thus given by

ˆ̈q =
(
∇q̇∇T

q̇ Lθ

)−1
[∇qLθ −

(
∇q∇T

q̇ Lθ

)
q̇ −∇q̇Dθ − ÿ]. (9)

Fig. 1 (a) Picture of the nonlinear oscillator and (b) experimental setup for the SDOF nonlinear system with base excita-
tion [4].
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(a) (b)

Fig. 2 (a) Experimental data in phase-space. Blue (x)’s represent the training data, while the orange (•) represents our test
data. (b) Forced response of the system, where the (•) are the amplitude of steady-state periodic responses measured during
a series of continuations in amplitude (S-curves).

Our LNN is made up of two distinct NNs, one for the Lagrangian, Lθ(q, q̇), and the other for the damping func-
tion, Dθ(q̇). Each network has its own set of adjustable parameters, θi, and they were trained simultaneously to compute
equations (5).

Both Lθ and Dθ have 16 hidden units across 2 hidden layers and use the SiLu activation function. The output layer does
not use an activation function. Similarly, no physical bias was used during training. A normalizing layer was included in this
network to enhance training stability, and was not learnt during training, but depends only on the data available. The model
was trained for 100 epochs, with the Adam optimizer and a learning rate of 10−3.

In figure 3, we present a comparison of the predicted relative acceleration, ˆ̈q, with the true acceleration, q̈, across dif-
ferent excitation conditions (ÿ) within the test dataset. This comparison reveals a qualitatively good agreement between the
predicted and true values. However, the LNN fails to capture the higher harmonics in the signal.

Fig. 3 The predicted relative acceleration, ˆ̈q, vs the ground truth acceleration, q̈, by the LNN (left) and the applied excita-
tion ÿ.
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Conclusions and Future Work

We showed that our modified LNN is capable of constructing equations of motion for a base-excited SDOF system from
experimental data obtained using CBC. More specifically, the obtained model provides a good qualitative agreement without
any knowledge of the system’s physical properties, such as mass, stiffness and damping, but fails to reproduce the higher
harmonics visible in the true dynamics.

In the future, we will use the LNNs trained on experimental data to trace the frequency response and bifurcation curves
for the SDOF model. We will then compare these curves to the ones obtained using the data obtained from experiments. To
improve the physical consistency of the LNN, separating NNs for predicting the kinetic and potential energies will also be
assessed to address the dependence on different input features.

References

1. Cranmer, M.D., Greydanus, S., Hoyer, S., Battaglia, P.W., Spergel, D.N., and Ho, S. “Lagrangian neural networks”. CoRR, abs/2003.04630
(2020)

2. M. J. Szydlowski, C.S. and Renson, L. “Modeling nonlinear structures using physics-guided, machine-learnt models”. In Proceedings of the
41st IMAC, A Conference and Exposition on Structural Dynamics 2023 (2023)

3. Meirovitch, L. Methods of Analytical Dynamics. Advanced engineering series. Dover Publications (2010)
4. Renson, L., Barton, D.A.W., and Neild, S.A. “Experimental tracking of limit-point bifurcations and backbone curves using control-based

continuation”. International Journal of Bifurcation and Chaos, 27(01):1730002 (2017)



Chapter 13Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Computing Periodic Responses of Highly Flexible Beams
Modelled under the SE(3) Lie Group Framework
with Multiple Shooting

Amir K. Bagheri, Valentin Sonneville, and Ludovic Renson

Abstract Flexible mechanical structures with large displacements and rotations exhibit geometric nonlinearities and require
accurate numerical modelling. Geometrically exact beam theory addresses these challenges by maintaining strain measures
consistent with equilibrium equations in deformed configurations with finite rotations. However, standard finite element
models using the SO(3) Lie group face challenges with rotation parametrisation, non-commutative behaviour, and shear
locking, leading to inaccuracies.

Beam formulations based on the Special Euclidean Lie Group SE(3) resolve these issues by coupling rotations and
positions with a local frame approach. This ensures strain invariance under rigid body motion and eliminates shear locking
through a nonlinear finite element interpolation using the exponential map.

This work computes nonlinear normal modes of 3D beams modelled under the SE(3) framework, applying multiple
shooting and pseudo-arclength continuation methods. The multiple shooting method, overcomes limitations of the single
shooting method, such as limited domain of attraction and high sensitivity to initial conditions. By discretising the peri-
odic orbit into partitions and integrating over shorter intervals, it minimises error propagation and reduces branch jumps,
particularly in systems with Unstable Periodic Orbits (UPOs). Additionally, parallel implementation of this method offers
significant computational time savings, making it ideal for large finite element models.

Keywords SE(3) Lie Group · Multiple Shooting · Geometric Nonlinearity · Nonlinear Normal Modes · Continuation

Introduction

The single shooting method is a common approach for solving boundary value problems, valued for its simplicity and ease
of implementation alongside existing simulation codes. It also allows for the computation of stability via the monodromy
matrix. However, it has notable drawbacks, including a limited domain of attraction for unstable orbits and a tendency for
error growth over long integration periods. This can lead to difficulties in locating UPOs and may result in branch jumps
when solution branches exist in close proximity, as highlighted by Lust [1] and Lakshmi [2].

To address these challenges, Keller [3] introduced the multiple shooting method, which discretises periodic orbits into
smaller partitions, enabling separate time simulations for each partition. This strategy increases the domain of attraction,
minimises error propagation, and reduces the likelihood of branch jumps. The method also enhances accuracy in detecting
UPOs and can handle rapidly diverging systems more effectively. Parallel implementation further offers significant compu-
tational time savings, making it ideal for large multi-degree-of-freedom finite element models.

The multiple shooting method has garnered attention in various fields. Early work by Cebeci and Keller [4] demonstrated
its potential to reduce sensitivity to initial conditions, improving solution stability. Bock and Plitt [5] applied it to optimal
control problems, while Al-Mdallal et al. [6] showed its efficiency in solving fractional boundary value problems. Gonzales
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and James [7] employed it for computing invariant manifolds in discrete-time systems, demonstrating computational savings,
and Artola et al. [8] showcased its utility in nonlinear optimal control of flexible structures. Finally, Schäfer et al. [9] used a
variation of the method for nonlinear model predictive control, achieving notable reductions in computational time.

This paper builds on these advancements, applying the multiple shooting method to 3D beam formulations in the Special
Euclidean Lie Group SE(3) framework to enhance computational efficiency and accuracy in modelling flexible mechanical
structures. The method is used to compute nonlinear normal modes, providing insights into the dynamic behaviour of highly
flexible beams under geometric nonlinearities.

Multiple Shooting Formulation

We denote the result of the time integration of the system’s equations of motion, over an interval of length T and from an
initial condition vector x0 as

ϕ(x0, T ), ϕ : RM × R → RM , (1)

We now consider s as a partition of the unit interval such that

0 = s0 < s1 < · · · < sm−1 < sm = 1, (2)

with
∆si = si − si−1, (3)

Note that if the unit interval is split into equal partitions, we have ∆s = 1
m for all values of i. Multiple shooting then solves

the following nonlinear system of m equations for finding a periodic orbit

ψ0 = ϕ(x0,∆s1T )− x1 = 0,

ψ1 = ϕ(x1,∆s2T )− x2 = 0,

...
ψm−2 = ϕ(xm−2,∆sm−1T )− xm−1 = 0,

ψm−1 = ϕ(xm−1,∆smT )− x0 = 0

(4)

This is shown schematically in Figure 1, which depicts a periodic orbit split intom partitions over the period. For the orbit to
be periodic, the time integration from the starting point of each partition and over the length of the partition should bring the
system to the starting point of the next partition, within the tolerance specified. For the final partition, the time integration
should bring the system back to the first partition in order to close the orbit. To find a periodic solution, the sensitivities of
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𝑥3 

𝑥𝑚−2 
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Fig. 1 Schematic illustration of the multiple shooting method.
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the periodicity equations with respect to the initial conditions are computed and stored in the following Jacobian matrix:

M0 −I b0

M1 −I b1

M2 −I b2

. . .
...

−I Mm−1 bm−1

B0 B1 B2 · · · Bm−1 0
u0 u1 u2 · · · um−1 λ





∆x0

∆x1

∆x2

...
∆xm−1

∆T


= −



ψ0

ψ1

ψ2
...

ψm−1

h(X(0))
0


(5)

where Mi is the i-th monodromy matrix resulting from the derivative of each ψi function with respect to xi, and is given by

Mi =
∂ϕ(xi,∆siT )

∂xi
(6)

Following the pseudo-arclength continuation method, the phase condition and orthogonality condition are also added
to Eq. (5). The linear system of equations is solved iteratively in the Newton scheme to obtain corrections to the initial
conditions

In order to validate our multiple shooting formulation and methodology, we apply the algorithm to compute NNMs of
the two degree of freedom system with cubic stiffness. The system is depicted in Figure 2, and its equation of motion is

ẍ1 + (2x1 − x2) + 0.5x31 = 0

ẍ2 + (2x2 − x1) = 0
(7)

Fig. 2 Schematic illustration of the 2 DoF system [10].

The system above exhibits two NNMs, representing in-phase and out-of-phase motions. The symmetric periodic motion,
referred to as S11+ in [10], denotes the in-phase motion, and reveals internal resonance branches at higher energy levels.
The resonance tongues emanate from the S11+ branch and coalesce into the out-of-phase solution branch, demonstrating
high-frequency ratio multiples (2:1, 3:1, 4:1, etc.) between the motions.

The FEP for the in-phase branch was computed using the multiple shooting method described, and is shown in Figure 3.
Three partitions were chosen, and kept fixed through the continuation process. Zero initial velocity was enforced on both
degrees of freedom as the phase condition, and therefore the symmetric NNMs were targeted and captured1. Excellent
agreement is observed between the multiple shooting and single shooting results through a range of modal interactions, thus
validating the formulation of the multiple shooting problem.

Adaptation of the Multiple Shooting Method to Lie Group Formulations

Before the multiple shooting method can be applied to beams modelled on SE(3), it has to be adapted to fit the underlying
Lie group framework of the structural model.

We begin by modifying the periodicity condition in Eq. (4). This is due to the nonlinearity of the configuration space of
the Lie group manifold, which requires the use of the logarithm map on SE(3) to compute the relative difference between
beam configurations. In contrast to the single shooting approach, we need to apply this periodicity condition across all
partitions of the multiple shooting method. This results in a Lie group-specific multiple shooting periodicity condition,

1These are referred to as “open curve” solutions in the configuration space [10].
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Fig. 3 First NNM of cubic spring. Comparison between single shooting (solid black) and multiple shooting (dashed or-
ange). Symmetric internal resonances with 3:1, 5:1, and 7:1 frequency ratios captured and labelled.

where the beam frames and velocities are compared at the boundaries of each partition to compute the periodicity error. The
multiple shooting periodicity function is therefore written as

ψ0 =

[
ψH0

ψv0

]
=

[
logSE(3)(H

−1
1 (0)H0(∆s1T ))

∨

−T−1
SE(3)(−ψH0

)v1(0) +T−1
SE(3)(ψH0

)v0(∆s1T )

]
,

ψ1 =

[
ψH1

ψv1

]
=

[
logSE(3)(H

−1
2 (0)H1(∆s2T ))

∨

−T−1
SE(3)(−ψH1)v2(0) +T−1

SE(3)(ψH1)v1(∆s2T )

]
,

...

ψm−2 =

[
ψHm−2

ψvm−2

]
=

[
logSE(3)(H

−1
m−1(0)Hm−2(∆sm−1T ))

∨

−T−1
SE(3)(−ψHm−2)vm−1(0) +T−1

SE(3)(ψHm−2)vm−2(∆sm−1T )

]
,

ψm−1 =

[
ψHm−1

ψvm−1

]
=

[
logSE(3)(H

−1
0 (0)Hm−1(∆smT ))

∨

−T−1
SE(3)(−ψHm−1

)v0(0) +T−1
SE(3)(ψHm−1

)vm−1(∆smT )

]
(8)

where Hi(0) ∈ SE(3) and vi(0) ∈ se(3) are, respectively, the initial frames and velocities for each partition. The final
frames and velocities at the end of the time integration along each partition, are denoted by Hi(∆siT ) and vi(∆siT )
respectively. The 2N × 1 vector of initial conditions for each partition will now consist of the N initial increments and
N initial velocities, that is xi = [hi(0) vi(0)]

T , where the increments give the initial beam configuration through the
application of the exponential map and N is the number of degrees of freedom of the model.

Application of Multiple Shooting to 2D Beams

A 2D straight clamped-clamped beam is considered and its undamped periodic solutions (Nonlinear Normal Modes) are
computed with multiple shooting and pseudo-arclength continuation. The beam is discretised with 30 elements, and its
geometric and material properties are given as: E = 210GPa, ρ = 7850 kg/m3, L = 1m, A = 10−4m2. The beam is
modelled using the SE Lie group framework in two dimensions [11], namely the SE(2) group, which is the group of rigid
body transformations in two dimensions. The frequency energy plot of the first NNM of the beam is shown in Figure 4a
which depicts the periodic solution branches computed with single shooting and multiple shooting with 3 partitions. It is
seen that the multiple shooting branch captures modal interactions of higher order, evident by the branching of the interaction
tongue from the main backbone curve. The time series of a solution on this tongue is depicted in Figure 4b, showing the
periodic motion of the beam midpoint across all 3 segments of the multiple shooting partitions. The multiple shooting method
is seen to accurately capture the periodic motion of the beam. However, the robustness of the current implementation needs
to be improved to ensure convergence along the full range of the backbone curve at higher energy levels, and to avoid high
order branching which is a common issue in the continuation of periodic solutions using shooting.
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Fig. 4 First NNM of doubly clamped beam. Comparison between single shooting (solid black) and multiple shooting
(dashed orange). Time series of a multiple shooting solution on the interaction tongue shown.
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Chapter 14Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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An Investigation of Nonlinear Solution Techniques for SSM-
Reduced Mechanical Systems

Tiago S. Martins , F. Trainotti , L. Kreuzer, and D. J. Rixen

Abstract The parametrization method for invariant manifold reduction, has led to significant advancements in simplify-
ing high-dimensional model reduction via direct computation of reduced dynamics in physical coordinates. Despite these
advances, solving reduced systems requires efficient numerical methods. This paper investigates the effectiveness of three
solvers—harmonic balance, orthogonal collocation, and shooting—on periodic orbit analysis within reduced-order models.
Harmonic balance demonstrated a balance between computational speed and accuracy but was impacted by higher harmonic
truncation. Orthogonal collocation, the most efficient for moderate time resolutions, required finer time discretization but
scaled well with increasing complexity. Shooting, while initially slower, scaled effectively at higher resolutions but was
sensitive to tolerance settings. The comparative analysis provides critical insights into the solvers’ performance, offering
practical guidance for nonlinear mechanical system analysis.

Keywords spectral submanifolds · reduced-order models · harmonic balance · orthogonal collocation · shooting method

Introduction

The parametrization method, first introduced by Cabré et al. [1–3], and later reformulated for engineering applications by
Haro et al. [4], marked a major advancement in the reduction to invariant manifolds, unifying various approaches under
a single framework. Previous methods [5] focused either on invariant manifold computations or relied on normal form
theory [6]. The direct parametrization method, shows that both approaches can be derived from the invariance equation,
solvable through graph or normal-form styles.

In [7], the parametrization method was adapted to vibratory systems addressing dissipation, while also providing ex-
istence and uniqueness theorems for invariant manifolds defined as spectral submanifolds (SSMs), leading to automated
reduction methods [8] for two-dimensional manifolds with damping and arbitrary polynomial nonlinearities.

Subsequent advances [9] overcame the limitation of needing to express equations of motion in the modal basis, impracti-
cal for large finite element models, by enabling direct computations in physical coordinates. For mechanical systems, normal
form-based methods and SSM approaches were developed [10–12] to express reduced dynamics in physical coordinates,
incorporating damping and providing high-order automated approximations. These developments were made accessible
through SSMtool 2.0 [13], which automates the computation of high-order SSM approximations.

Futher on this topic, Opreni et al. [14] included additional non-autonomous terms for model order reduction in forced-
damped mechanical structures with geometric nonlinearities, enabling the prediction of phenomena such as parametric
excitation and isolated solutions. Li et al. [15] introduced a rigorous method for creating reduced-order models (ROMs)
considering configuration constraints. Martin et al. [16] presented a direct parametrization method for reducing geometri-
cally nonlinear rotating structures, with a focus on capturing the hardening/softening transition and interpolating ROMs.
Axås et al. [17] established that the eigenvectors of delay-embedded systems are determined by their eigenvalues, allowing
for preemptive identification of multimodal SSMs and their nonlinear interactions. Haller et al. [18] expanded the class of
SSMs to include mixed stability types and fractional powers, enhancing low-dimensional polynomial models for nonlinear
dynamics. Thurnher et al. [19] developed multi-index expressions for nonautonomous terms, facilitating resonance tongue
extraction and steady-state response formulation in parametrically excited systems. Li et al. [20] presented an efficient
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method for computing forced response surfaces in nonlinear systems, utilizing SSMs for ROMs and multidimensional man-
ifold continuation to extract key features. Haller and Kaundinya [21] derived asymptotic expansions for weakly forced sys-
tems, providing techniques for persistent, normally hyperbolic SSMs under varying forces. Cenedese et al. [22] presented a
data-driven approach to construct SSM-reduced models from finite element simulations, achieving accurate predictions for
forced responses. Vizzaccaro et al. [23] introduced a novel method to handle superharmonic resonances through expanded
parametrizing coordinates. Bettini et al. [24] proposed a technique for sparse, nonlinear models on slow attracting spectral
submanifolds applicable to various system types. And most recently, Grolet et al. [25] formulated a method to transform
differential-algebraic equations with non-polynomial nonlinearities into polynomial systems, addressing geometric exact-
ness in finite element structures.

Despite advancements in the computational frameworks presented in these papers, robust solvers are still required to
effectively navigate the resultant reduced systems. This paper builds upon previous reduction methods by focusing on the
identification of periodic orbits within these reduced systems. The discussion is supported by an example of a ROM of an arch
beam generated by MORFE2.0 [23] and compares three prominent numerical techniques—harmonic balance, orthogonal
collocation, and shooting—on their effectiveness in solving the corresponding reduced-order dynamics.

The harmonic balance [26] method analyzes periodic solutions by transforming nonlinear problems into the frequency
domain. Orthogonal collocation [27], is based on polynomial approximations and collocation points. Lastly, the shooting
method [28] solves the periodic boundary value problems through iterative adjustments of initial conditions. MatCont [29]
was used for orthogonal collocation and the other methods were purposely coded for this work.

This study evaluates the three solver methods in the context of reduced-order models to provide valuable insights into
the dynamics of nonlinear mechanical systems and offer practical guidance for engineers and researchers. However, it does
not exhaustively explore variations and alternatives in nonlinear solver techniques; it only employs the tangent predictor
with pseudo-arclength continuation, the alternating frequency-time scheme for harmonic balance, orthogonal collocation at
gaussian points, and single shooting.

The analysis begins with the full order dynamical system described by the following first-order autonomous ODE which
can encompass a general class of physical systems, including second-order mechanical systems casted to first-order.

¤x = f (x) . (1)

Direct Parameterization of Invariant Manifolds

The following is a summary of the method described in [13, 30]. The goal is to generate a reduced dynamical system
¤q = g(q), i.e. of lower dimension, whose orbits approximate solutions of the full system, close to a stable equilibrium, when
mapped through another constructed function, called the manifold parameterization, namely x = W(q).

The assumption is that the full dynamics f, the reduced dynamics g and the manifold parameterization W are power
series. Given 𝑛,𝑚 ∈ N with 𝑚 < 𝑛, an open set 𝑈 ∈ R𝑛 containing the origin and an open set 𝑉 ∈ C𝑚 containing the origin,
define the functions1

f :𝑈 → R𝑛

x ↦→ f (x) =
∑︁
𝜅∈N

f𝜅x⊗𝜅
W :𝑉 →𝑈

q ↦→ W(q) =
∑︁
𝜅∈N

W𝜅q⊗𝜅
g :𝑉 → C𝑚

q ↦→ g(q) =
∑︁
𝜅∈N

g𝜅q⊗𝜅 .

Without loss of generality, it is clear that an equilibrium is placed at the origin, as f (0) = 0. Hence, via direct substitution,
one has

dW
dq

(q) g(q) ≈ f (W(q)) ⇐⇒
(∑︁
𝜅∈N

W𝜅

d
dq

q⊗𝜅

) (∑︁
𝜎∈N

g𝜎q⊗𝜎

)
≈

∑︁
𝜎∈N

f𝜎

(∑︁
𝜅∈N

W𝜅q⊗𝜅

)⊗𝜎

.

The method matches all the polynomial terms up to some chosen degree, such as to accumulate all the error in higher order
terms, as with the idea that underlies Taylor expansions. Therefore, equating the coefficients of order 𝛾 yields

𝛾∑︁
𝜅=1

W𝜅 𝚪𝛾,𝜅 =
𝛾∑︁

𝜅=1
f𝜅 𝚵𝛾,𝜅 , (2)

1The Kronecker power denotes the repeated Kronecker product such that: x⊗0 = [1], the uni-dimensional identity matrix; and
x⊗𝜅 = x⊗ x⊗ · · · ⊗ x︸           ︷︷           ︸

𝜅 times

for 𝜅 ∈ N.
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where 𝚪𝛾,𝜅 and 𝚵𝛾,𝜅 can be defined by the following recurrence relations

𝚪𝛾,1 = g𝛾 𝚪𝛾+1,𝜅+1 = I𝑚 ⊗𝚪𝛾,𝜅 +g𝛾−𝜅+1 ⊗ I𝑚𝜅 ,

𝚵𝛾,1 = W𝛾 𝚵𝛾,𝜅+1 =

𝛾−1∑︁
𝜎=𝜅

W𝛾−𝜎 ⊗𝚵𝜎,𝜅 .

Here, 𝚪𝛾,𝜅 is a 𝑚𝜅 ×𝑚𝛾 complex matrix whose entries are sums of 𝜅 elements of g𝛾−𝜅+1. Additionally, 𝚵𝛾,𝜅 is a 𝑛𝜅 ×𝑚𝛾

complex matrix whose entries are sums of products involving elements of W1, W2, ... and W𝛾−𝜅+1. In particular, it can be
seen that 𝚵𝛾,𝛾 = W⊗𝛾

1 .
In the literature, 𝚪𝛾,𝜅 and 𝚵𝛾,𝜅 are defined with closed form expressions. However, here they are stated via recurrence to

suggest an efficient computation algorithm, as is the topic of this work.
Now, regarding the goal of constructing the reduced dynamics g and the manifold parameterization W, one must solve

equation (2) for W𝛾 and g𝛾 with 𝛾 ranging from 1 up to the desired expansion order, 𝛾max. At its simplest case, for order
𝛾 = 1, equation (2) becomes

W1g1 = f1W1 , (3)

which can be made an eigenvalue problem by imposing g1 to be diagonal. In that case, 𝚪𝛾,𝛾 is a diagonal matrix comprised
of all the possible sums of 𝛾 eigenvalues of g1.

Given 𝛾 ≥ 2, by collecting the terms of equation (2) that depend on W𝛾 and g𝛾 , one defines

L𝛾 (W𝛾 ,g𝛾) = W𝛾 𝚪𝛾,𝛾 − f1 W𝛾 +W1 g𝛾 ,

where L𝛾 is a linear map between complex vector spaces of dimension 𝑛𝑚𝛾 +𝑚𝛾+1 and 𝑛𝑚𝛾 . Subsequently, accumulating
all the remaining terms of (2), one constructs

B𝛾 =

𝛾∑︁
𝜅=2

f𝜅 𝚵𝛾,𝜅 −
𝛾−1∑︁
𝜅=2

W𝜅 𝚪𝛾,𝜅 ,

which only depends on the coefficients of W and g up to order 𝛾 −1, and on the coefficients of f up to order 𝛾. Finally, the
equivalent homological equation of order 𝛾 ≥ 2 becomes

L𝛾 (W𝛾 ,g𝛾) = B𝛾 . (4)

Equations (3) and (4) can be used to define a procedure for building the manifold parameterization W and reduced
dynamics g. Namely, non-trivial solutions of (3) produce W1 and g1, which are used to construct the linear equation (4) at
order 2, that is then solved for W2 and g2. All the previous solutions are processed to build the order 3 equation, which can
be linearly solved for W3 and g3, that can again be recycled to compute order 4, and so forth.

Whenever there are nontrivial intersections between the eigenspace of 𝚪𝛾,𝛾 and the eigenspace of f1, there are resonance
phenomena; nonlinear if 𝛾 > 1. If that intersection is in the eigenspace of 𝚪1,1 = g1, the span of the 𝑚 linear modes, there
is inner resonance, since the movement of the nonlinear resonance is spanned by the linear modes W1. Conversely, there is
outer resonance which in practice means that equation (4) might be unsolvable [13].

Because the dimension of the codomain of L𝛾 is smaller than that of its domain, there may be multiple solutions to
equation (4), and it is common to parameterize the solution space [14]. The normal-form style of parameterization starts by
determining the image of L𝛾 (·,0), by detecting nonlinear resonances, then solves for W𝛾 with fixed g𝛾 = 0 by projecting B𝛾

on said image, and solves for g𝛾 with fixed W𝛾 = 0 on the complementary subspace. The graph style of parameterization is
similar but assumes that all possible nonlinear resonances occur.

Additionally, the fact that the initial problem is real can be leveraged to improve computational efficiency. Specifically,
this allows for the construction of g and W as mappings between real spaces of dimension 𝑚, halving the real dimension of
the original definition. Henceforth, this works assumes that realification was performed.

Practical issues
There are many large matrices involved in this procedure, therefore it is advised to explore sparsity and symmetry, use smart
memory allocation and properly scalable algorithms to combat computational limitations. It can be seen that the size of the
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matrices increases exponentially with the polynomial degree and polynomially with the number of degrees of freedom as
𝑂 (𝑛𝛾𝑚𝛾). The number of matrices increases factorially since there are

(𝛾+𝑚−1
𝑚−1

)
monomials of degree 𝛾.

Furthermore, it is important to understand that this is a local method that relies on polynomial expansions. Therefore one
must be careful when applying it to nonlinear problems and generating results far from the equilibrium.

External forcing terms are simulated as stable solutions of well chosen ODEs: ¤xF = fF (xF). The internal dynamics then
depend on the internal state and the state of the external forcing: ¤xS = fS (xS,xF). For example, regarding sinusoidal forcing,
for any 𝛽,𝜔, 𝜙 ∈ R

𝛽F (𝑡) = 𝛽

𝑥F (𝑡) = 𝛽F (𝑡) cos(𝜔𝑡 +𝜙)
𝑦F (𝑡) = 𝛽F (𝑡) sin(𝜔𝑡 +𝜙)

is a stable solution of


¤𝛽F = 0
¤𝑥1 = −𝜔𝑦F − 𝑥F (𝑥2

F + 𝑦
2
F − 𝛽2

F)
¤𝑦F = +𝜔𝑥F − 𝑦F (𝑥2

F + 𝑦
2
F − 𝛽2

F)
. (5)

In practice, this involves appending extra equations to describe the forcing, ensuring fF (0) = 0 to retain the equilibrium at
the origin and guaranteeing that the forcing stays close to the equilibrium state: in the example above, by having a small
absolute value for 𝛽. On this matter, having forcing of multiple frequencies has been discussed [19], but it requires more
complex theory and implementation. In the case of MORFE2.0 [23], that feature was yet unavailable.

Moreover, the choice of style significantly impacts results and efficiency: the graph style is slower than the normal-form
style, in general, but more useful in the context of center manifold computation, while the normal style provides simpler
reduced dynamics and uniquely describes manifold folding [14]. Also, to avoid outer resonance, all the modes of the full
order model, that (nonlinearly) resonate with the master modes up to order 𝛾max, must be included from the start.

Nonlinear Solvers for Computing Periodic Solutions

Harmonic Balance via Alternating Frequency-Time
One first assumes that q(𝑡) is a Fourier series, which already guarantees periodicity, restricted to the harmonics in a previously
chosen finite set of non-negative integers H :

q(𝑡) = Re
∑︁
ℎ∈H

Qℎ exp(iℎ𝜔𝑡) .

This allows expressing ¤q(𝑡) and g(q(𝑡)) as Fourier series with coefficients iℎ𝜔Qℎ and Gℎ for harmonic ℎ ∈ H , respectively.
Via the alternating frequency-time scheme, one has

Gℎ = rDFT({g(q𝑘)}𝑁𝑘=1)ℎ with q𝑘 = irDFT({Qℎ}ℎ∈H)𝑘 ,
where rDFT and irDFT are the real discrete Fourier transform and its inverse. The computation of Gℎ can be made exact for
polynomial nonlinearities (the case of this work) by having enough time samples: 𝑁 > (𝛾max +1) ℎmax, as in [31]. In practice,
the computation of these functions is done with divide and conquer algorithms like the fast Fourier transform. This way, the
ODE of the reduced dynamics, ¤q = g(q), is transformed into the family of algebraic equations

i𝑟𝜔Q𝑟 = G𝑟 ({Qℎ}ℎ∈H) with 𝑟 ∈ H .

It is possible to write an equivalent set of twice as many equations2 using only real numbers, by separating the real and
imaginary parts of all the quantities involved, resulting in 2𝑚 |H | real polynomial equations of degree ≤ max(𝛾max,2) with
2𝑚 |H | +1 real unknowns, including 𝜔.

The irDFT naturally computes 𝑁 = 2ℎmax time domain samples, given the set of non-negative harmonics H and ℎmax =
maxH , which defines the resolution of the harmonic balance method.

Orthogonal Collocation
The 𝑇-normalized time interval [0,1] is divided into 𝑧 test intervals with variable3 duration, forming the coarse mesh:
0 = 𝜏0 < 𝜏1 < · · · < 𝜏𝑧 = 1. Each interval is further subdivided into 𝑐+1 ∈ N subintervals, via 𝑐 Gaussian collocation points4,

2The equation of harmonic zero is already a real equation. When 0 ∈ H , one gets 2𝑚 |H | −1 real polynomial equations with 2𝑚 |H | real
unknowns, including 𝜔.
3In MatCont [29], the coarse mesh is adapted after a certain amount of solution points.
4In MatCont [29], the collocation points are the roots of the 𝑐-th Legendre polynomial, shifted and scaled.
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forming the fine mesh {𝜏𝜎,𝜅 } such that

𝜏𝜎 < 𝜏𝜎,1 < · · · < 𝜏𝜎,𝑐 < 𝜏𝜎+1 with 𝜎 ∈ {0, . . . , 𝑧−1} .

The method assumes that the limit cycle is approximated by a continuous piecewise polynomial in each of the coarse mesh
intervals:

q(𝑡 = 𝜏/𝜔) = p(𝜏) = p𝜎 (𝜏) , 𝜏 ∈ [𝜏𝜎 , 𝜏𝜎+1] with p𝜎 (𝜏𝜎,𝑐) = p𝜎+1 (𝜏𝜎,𝑐) ,

where p𝜎 is the degree-𝑐 orthogonal polynomial relevant to the 𝜎-th coarse mesh interval. The second condition ensures
continuity at the coarse mesh, and imposing periodicity yields p𝜎 (𝜏0) = p𝑧−1 (𝜏𝑧). Finally, the method aims to ensure that
the ansatz complies with the dynamics at each of the 𝑁 = 𝑐𝑧 fine mesh points, expressly

𝜔p′ (𝜏𝜎,𝜅 ) = 2𝜋g(p(𝜏𝜎,𝜅 )) with 𝜎 ∈ {0, . . . , 𝑧−1} and 𝜅 ∈ {1, . . . , 𝑐} .

For a system of dimension 𝑚, at each of the 𝑧 coarse mesh intervals, the local polynomial is defined by (𝑐 +1)𝑚 coeffi-
cients, which yields a total of (𝑐+1)𝑧𝑚 +1 unknowns accounting for 𝜔. Per coarse mesh interval, there are 𝑐𝑚 collocation
constraints for the dynamics and 𝑚 continuity (and periodicity) constraints, totaling (𝑐+1)𝑧𝑚 polynomial equations of de-
gree ≤ max(𝛾max,2).

On this note, harmonic balance can also be viewed as a frequency domain orthogonal collocation method, where complex
exponentials form an orthonormal basis, and the residue must vanish at specific harmonics, effectively “collocating” or
enforcing the system dynamics at key frequencies, rather than in the time domain.

Single Shooting
Shooting converts the periodic boundary-value problem into an initial-value problem. In this approach, an initial guess for
the system’s state is made, and the system’s equations of motion are integrated over time to compute the state at the end of
the period. For a given initial condition q0 = q(0), the flow 𝝋(q0,1) maps the initial state to the final state after a time period
𝑇 by solving the time-normalized differential equations. Namely, 𝝋(q0, ·) : R→ R𝑚 solves

𝝋′ (q0, 𝜏) = 𝑇 g(𝝋(q0, 𝜏)) and 𝝋(q0,0) = q0 ,

where the derivative is with respect to 𝜏 = 𝑡/𝑇 . Moreover, periodicity is stated through the constraint 𝝋(q0,1) = q0, with 𝑚

equations and 𝑚 +1 unknowns, including 𝑇 .
The flow is approximated via a direct (transient) time integration method. This work uses the fourth order Runge-Kutta

method, chosen for its accuracy and simplicity, with 𝑁 evenly spaced time steps. At each time increment, the next state
becomes a weighted average of four state estimations which are computed by recursively evaluating the time-normalized
dynamics 𝑇g(·), which has degree 𝛾max +1 on (q0,𝑇). Hence, accounting for the four levels of recursion at each of the 𝑁

time increments, 𝝋(q0,𝑇) can be interpreted as a polynomial of degree 4𝑁 [𝛾max +1].

Numerical Continuation
In all the aforementioned methods, the problem of finding periodic solutions to the reduced dynamics can be reformulated
as solving an algebraic equation, R(X) = 0, where X is the vector of unknowns (including the frequency) and R defines
the constraints: Fourier coefficients with frequency collocation constraints for harmonic balance, polynomial coefficients
with collocation and continuity constraints for orthogonal collocation, and the initial state with the periodicity constraint for
shooting. Predictor corrector numerical continuation aims to find a sequence of solution points by using the last solution Xlast
and executing a predictor procedure to estimate a new solution X0 which is then iteratively refined by a corrector procedure.
In this work, the tangent prediction method, defined as follows, was used:

X0 = Xlast + 𝑠V with V such that
dR
dX

���
last

V = 0 , VT
refV > 0 , ∥V∥ = 1 ,

where 𝑠 > 0 is the step length and Vref is a reference vector for the direction of the continuation, e.g. the secant through
the last two solutions. The guess X0 is assumed to be close to the curve, hence it is used to initialize a Newton based
corrector procedure to find a new solution. Since the standard Newton iterations can only be applied to systems with the
same number of equations as unknowns, one extra scalar condition is appended: the pseudo-arclength parameterization,
𝑝(X) = VT (X−X0). Equating it to zero limits the solution to a hyperplane orthogonal to the predictor vector V and passing
through the guess X0. Finally, the step length 𝑠 is adjusted according to the number of iterations in the previous corrector
step, in an inverse manner, to place the next guess in the fast convergence region of the Newton corrector.
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Application and Discussion of Results

Fig. 1 Full-order finite element model of the clamped-clamped arch-beam. Geometry and mesh on top. Shape of the first
linear eigenmode, below. Generated in COMSOL Multiphysics 6.2 [32].

The analysis begins with a full-order finite element model (of second-order elements) of the clamped-clamped arch-
beam depicted in figure 1, which does not have preload and is anticipated to exhibit geometric nonlinear behavior. Figure 1
also illustrates the shape of the first linear mode, characterized by an eigenfrequency of 𝜔1 = 1.03308. In MORFE2.0 [23],
the external force is represented as a small modal excitation of mode 1, with light mass-proportional damping introduced
to achieve a damping ratio of 0.1%. The reduction settings are defined as follows: the maximum expansion order is set to
𝛾max = 7; one master mode was utilized from the ten computed to identify outer resonances; and the (complex) normal-form
parameterization style was chosen.

For this study case, MORFE2.0 [23] took5 110s to reduce the full order model of 2664 degrees of freedom into a ROM
with just 2 normal coordinates. There are 2 additional decoupled forcing variables, like those in example (5), which can be
directly substituted by sinusoidal functions.

The references in figure 2 were obtained by computing periodic solutions to the reduced dynamics, on the frequency
range 𝜔 ∈ [0.7𝜔1,1.3𝜔1], via harmonic balance, orthogonal collocation and shooting with a time-resolution of 𝑁 = 160,
residual tolerance of tol = 10−9 and maximum allowed step length of 𝑠max = 0.1. Figures 3 and 4 were generated by run-
ning the solvers with varying parameters—time resolution, continuation step length and tolerance—while only including
those that traced smooth frequency-response curves with proper resolution of the resonance. It is relevant to state that the
“loop” intersections observed close to the resonance are an artifact of the projection of the frequency-response curves to a
bidimensional plot, in fact the intersection corresponds to two different solutions.

Figure 3 cannot be directly used to rank method performance without discussion, as variations may arise from differences
in software optimization and user expertise, and most importantly from the particularities of the methods themselves. For
instance, figure 4 suggests that harmonic balance yields meaningful results with coarser time resolution, while shooting and
especially orthogonal collocation require larger 𝑁 to compute accurate frequency-response curves.

5The computer used in this work has an AMD Ryzen 9 7950X 16-Core Processor running at 4.50GHz and 128GB of RAM.
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Fig. 2 Reference frequency-response curves of the SSM-reduced arch-beam computed using harmonic balance, orthog-
onal collocation and shooting with tolerance tol = 10−9, maximum continuation step length 𝑠max = 0.1 and time resolution
𝑁 = 160. The left plot is an amplification of the resonance region. The ratio between the frequency and the first linear eigen-
frequency is 𝜔/𝜔1 and the maximum amplitude of first normal coordinate is max|𝑞1 |.

Fig. 3 Comparison of computation times for harmonic balance, orthogonal collocation and shooting regarding the construc-
tion of the frequency-response curve of the SSM-reduced arch beam. 𝑁 indicates the time resolution, 𝑠max is the maximum
continuation step length and tol is the tolerance, whose meaning varies by method; the discussion section explains how to
make the values comparable. On the left tol = 10−6 is fixed, and on the right 𝑠max = 1.0.

Harmonic Balance via Alternating Frequency-Time
Harmonic balance6 achieves qualitatively accurate solutions with few harmonics (small 𝑁 = 2ℎmax) due to the Fourier series
ansatz, which is optimized for finding periodic orbits and exhibits exponential convergence with truncation order ℎmax, for
smooth signals. When low truncation orders suffice to describe periodic time responses of low-dimensional smooth systems,
the problem size and computation time are significantly reduced, leading to strong performance. On the other hand, including
a large amount of harmonics significantly slows down the procedure due to the complexity of performing Newton iterations
with larger matrices and the increased number of FFTs required.

6As a note, the set of harmonics H was optimized to include just odd harmonics, because the g of the system in question is an odd function
and the forcing only excites the first harmonic.
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Fig. 4 Comparison to reference of frequency-response curves of the SSM-reduced arch-beam computed using harmonic
balance (𝑁 = 10 and 0.93s), orthogonal collocation (𝑁 = 30 and 1.3s) and shooting (𝑁 = 25 and 21.2s) with the minimal pa-
rameters required for convergence. The left plot is an amplification of the resonance region. The ratio between the frequency
and the first linear eigenfrequency is 𝜔/𝜔1 and the maximum amplitude of first normal coordinate is max|𝑞1 |.

Targeting a number of iterations of 0 (fully relying on the predictor) or 1 leads to impractically long computation times,
particularly as the problem size increases. In contrast, setting a target of 2, 3, or 4 yields relatively consistent computation
times, with slight improvements for larger values. Naturally, a larger maximum continuation step length significantly accel-
erates the procedure by enabling a coarser computation of regions of rapid convergence and (ideally) less intricate features.
However, it is crucial to ensure that the average number of iterations is not excessively high, as this can lead to overly large
step lengths resulting in low-resolution frequency-response curves.

Orthogonal Collocation
Orthogonal collocation proved to be the fastest method for the range 30 ≤ 𝑁 ≤ 120, benefiting from the analytical nature of
the state q, which allows the Lagrange polynomials to exhibit uniform exponential convergence.

Similar to harmonic balance, the methods involves 𝑂 (𝑁𝑚) polynomial equations of degree 𝛾max, where 𝑁 = 𝑐𝑧 is the
time resolution and 𝑚 is the dimension of the reduced dynamics. However, orthogonal collocation requires a finer time
resolution than harmonic balance to achieve comparable accuracy, despite its computation time scaling more slowly with
increasing 𝑁 . As shown in figure 4, orthogonal collocation can fail to produce accurate results for 𝑁 larger than of harmonic
balance, while still able to converge in a comparable amount of time.

Remarkably, for fixed maximum step length, changing the tolerance had a very small effect on the speed of collocation,
opposite to what happens with shooting.

Single Shooting
The residue in shooting, defined as the difference between final and initial states, q(𝑇) −q(0), is not directly comparable to
residues in other methods, which relate to the “force” g(q). To ensure a fair comparison, the shooting solutions were post-
processed to yield a corresponding residue magnitude of ∥g(q(𝑇)) −g(q(0))∥. Figure 3 illustrates that the shooting method
is slower compared to the other two methods for lower time resolutions, and suggests that it might scale better for higher 𝑁 .

Furthermore, no valid solutions were obtained for tol = 10−3 and 𝑠max ≥ 0.1, as the continuation procedure exhibited
erratic behavior, including jumping along the solution curve, backtracking, and becoming trapped in loops of solutions.
Instead, for tol = 10−5, additional data points revealed times of 27.30,54.32,76.36,108.26 seconds for 𝑁 = 32,64,90,128,
respectively. Shooting was the most sensitive to tol, with the computation time increasing approximately linearly with the
number of time steps, for all cases.

The step lengths observed during the shooting runs were, on average, orders of magnitude smaller than the maximum
allowed step lengths of 1.0, 0.5, and 0.1, indicating no practical benefit from increasing the step length within this range.
Moreover, the optimal goal number of iterations was determined to be 1, as 0 resulted in impractically small step lengths and
an excessive number of solution points, while 2 in unstable erratic behavior.
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Shooting has to solve 𝑂 (𝑚) polynomial equations of degree 𝑂 (𝑁𝛾max). While the number of equations is reduced, they
are significantly more complex to manage. In particular, accurately approximating the flow through time integration is a
challenging task.

Conclusion

Advancements in the parametrization method, particularly its adaptation to vibratory systems and the introduction of spectral
submanifolds (SSMs), have greatly simplified the reduction of high-dimensional models. While the automated computation
of reduced dynamics in physical coordinates marks significant progress, robust numerical solvers remain essential.

This study evaluated three solvers—harmonic balance, orthogonal collocation, and shooting—for periodic orbit analysis.
Harmonic balance provided an effective trade-off between speed and accuracy but slowed with higher harmonics. Orthogonal
collocation, the fastest for moderate resolutions, required finer time steps yet scaled well. Single shooting, while slower
initially, scaled efficiently with increasing resolution but was highly sensitive to tolerance.
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[1] Xavier Cabré, Ernest Fontich, and Rafael De la Llave. “The parameterization method for invariant manifolds I: manifolds associated to
non-resonant subspaces”. In: Indiana University mathematics journal (2003), pp. 283–328.
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forced systems including superharmonic resonances”. In: Nonlinear Dynamics Vol. 112.No. 8 (2024), pp. 6255–6290.

[24] Leonardo Bettini, Mattia Cenedese, and George Haller. “Model reduction to spectral submanifolds in piecewise smooth dynamical sys-
tems”. In: International Journal of Non-Linear Mechanics Vol. 163 (2024), p. 104753.
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Chapter 15Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Flutter Analysis of Control Surface Free-play by Using
a 3-DOF Airfoil Model

İzzet Uluğ and Ender Cigeroglu

Abstract The phenomenon of flutter in aeroelastic systems remains a critical area of research due to its implications for
the safety of aircraft wings. Free-play, modeled by using a piecewise linear approach to examine its effect on the aeroelastic
response of a system, is a common nonlinearity in control surfaces, which occurs due to gaps at the joints in the control
mechanisms. This paper investigates the flutter characteristics of a 3-DOF airfoil model with free-play between plunge and
flap motions. The equation of motion (EOM) is obtained via Lagrange’s equations, and Theodorsen approach is employed
for aerodynamic loads. The EOM can be solved by various methods, namely the harmonic balance method (HBM) and the
describing function method (DFM), which can be used in the frequency domain, as well as time integration methods. In
this study, DFM is used due to frequency domain methods being more efficient compared to time domain methods. Flutter
instability is determined by varying the airspeed and identifying the equivalent damping of the system where the airspeed
that causes the damping value of zero is the flutter speed searched. A parametric study is conducted to evaluate the effects
of varying free-play gap sizes on the flutter characteristics. The results indicate that free-play changes the flutter speed and
mode, with a reduction in the flutter boundary compared to the linear case. Additionally, the study examines nonlinear flutter
boundaries, focusing on the development of limit cycle oscillations (LCOs) due to free-play.

Keywords Flutter · Free-play · Nonlinear Flutter · Limit Cycle Oscillations (LCOs) · Aeroelastic Instability

Introduction

Flutter is a type of aeroelastic instability that arises from the interaction of structural, aerodynamic, and inertial forces,
leading to an increase in vibrations. This oscillatory instability occurs when aerodynamic forces couple with the natural vi-
bration modes of the structure, potentially resulting in dangerous, self-sustaining oscillations. Nonlinearities, both structural
and aerodynamic, play a critical role in influencing the flutter behavior of a system. One common structural nonlinearity
is free-play, which emerges due to gaps or looseness in the hinge mechanisms of control surfaces. Free-play significantly
alters the flutter characteristics, potentially introducing limit cycle oscillations (LCOs), as shown in studies by Dowell and
Tang [1]. Yu et al. [2] conducted a numerical study analyzing the impact of free-play nonlinearity on flutter and LCOs by
using 2-DOF airfoil models, showing how free-play influences flutter behavior and the occurrence of LCOs. This type of
structural nonlinearity has been a key focus in many aeroelastic studies, since it changes how the stiffness in control surfaces
behaves depending on the displacement. This leads to complex flutter behavior that cannot be captured by linear models
alone. For instance, Conner et al. [3] demonstrated how free-play introduces nonlinear dynamics that lead to periodic os-
cillations and other behaviors beyond the flutter boundary. Similarly, Irani et al. [4] further confirmed that an increase in
the gap results in consistent decrease in flutter speed, emphasizing the importance of considering these effects early in the
design phases. These structural nonlinearities affect both the flutter speed and the post-flutter behavior of the system, making
it critical to account for them in flutter analysis.

Traditionally, time-domain methods have been used to analyze flutter by simulating the response of the system over
time. While these methods provide detailed insights into transient and steady-state behaviors, they can be computationally
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expensive, especially for systems with nonlinearities like free-play. As shown by Conner et al. [3] and Trickey et al. [5],
solving nonlinear equations in the time domain often requires significant computational resources due to the complexity of
the simulations. In contrast, frequency-domain methods, such as the DFM, are more efficient for analyzing systems with
periodic responses, providing accurate predictions of flutter behavior. This method linearizes the nonlinear system around
limit cycles, allowing for the calculation of stability boundaries and LCOs without extensive simulations. Studies by Dowell
and Tang [1] and Yurkovich [6] have demonstrated the advantages of frequency-domain approaches in handling nonlinear
aeroelastic problems, offering accurate predictions of flutter dynamics. In a recent study, Frey et al. [7] compared time-
domain and frequency-domain methods on turbine blades with nonlinear unsteady flow conditions in case, and demonstrated
that frequency-domain solvers not only reduce the computational cost but also effectively model aeroelastic instabilities,
especially under transonic flow conditions where strong shock interactions impact system dynamics.

The flutter characteristics of an airfoil with free-play nonlinearity at the control surface are explored using a three-degree-
of-freedom (3-DOF) model. Free-play nonlinearity is represented by a piecewise linear stiffness element and the behavior
of the system is studied in the frequency domain. This approach effectively predicts the flutter boundary and the onset of
LCOs, providing a clearer understanding of how free-play affects system stability and post-flutter dynamics.

Mathematical Modelling

The 3-DOF airfoil model used in this study is given in Fig. 1. The airfoil exhibits three degrees of freedom: vertical motion
(plunge), rotational motion around a horizontal axis (pitch), and control surface motion (flap), denoted by h, α, and β,
respectively. The moments of inertia about the elastic axis for the airfoil and control surface are represented by Iα and Iβ ,
respectively. Nonlinearity is introduced through torsional free-play at the control surface hinge, as previously studied and
tested by Conner et al. [2]. The numerical parameters used in this paper were also adopted from Conner et al.’s study. Simple
models, like the one shown in Fig. 1, are commonly used in similar analyses for their practicality.

As shown in Fig. 1, the model represents a two-dimensional airfoil placed in a steady horizontal airflow. Key parameters
include the freestream velocity U , the semi-chord length b, stiffnesses in pitch, plunge, and control surface hinge direc-
tions (kα, kh, kβ), as well as the mass of the wing mw, and the total mass of the system mT . Additionally, the damping
coefficients for the pitch, plunge, and flap motions are denoted as cα, ch and cβ , respectively, which describe the energy
dissipation in each mode of motion.

The structural behavior is governed by linear bending and torsional springs along the airfoil’s elastic axis and control
surface hinge line, which simulate the restoring forces from the structure. Additionally, the distances between key points in
the system —such as from elastic axis to the mid-chord a the mid-chord to the hinge line c, the elastic axis to the center of
mass of the airfoil xα, and the hinge line to the center of mass of the control surface xβ—are also considered. Finally, the
total unsteady aerodynamic forces in the vertical direction, as well as the aerodynamic moments about the elastic axis and
flap hinge, are represented by L, Mα and Mβ , respectively.

Fig. 1 Schematic of a 3-DOF aeroelastic wing section with pitch, plunge, and control surface spring restraints.
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Equation of motion of the 3-DOF airfoil model given in Fig. 1 can be written as follows.

M

 ḧ
α̈

β̈

+C

 ḣ
α̇

β̇

+K

 h
α
β

 =

 L (h, α, β)
Mα (h, α, β)
Mβ (h, α, β)

 , (1)

where, M, C and K are the representatives of structural mass, stiffness, and damping of the system. The same system is
considered in Fung [8] and equations of motion of the system given in Eq. (1) are the same. System matrices defined in Eq.
(1) can be written explicitly as

M =

 mT mwbxα mwbxβ
mwbxα m2

wbr
2
α m2

wbr
2
β +m2

wbxβ(c− a)

mwbxβ m2
wbr

2
β +m2

wbxβ(c− a) m2
wbr

2
β

 (2a)

K =

kh 0 0
0 kα 0
0 0 kβ(β)

 (2b)

C =

ch 0 0
0 cα 0
0 0 cβ

 (2c)

This model builds on the state-space framework proposed by Edwards et al. [9]. Due to the free-play nonlinearity, which
causes a piecewise linear variation in the structural stiffness of the control surface hinge, as illustrated in Fig. 2, the entire
system can be described as a nonlinear combination of three linear subsystems. Understanding this nonlinearity is crucial in
flutter analysis, as the presence of free-play significantly alters the dynamics of the system. Bai et al. [10] demonstrated that
free-play affects flutter speed by causing sudden stiffness changes once the gap is closed, which reduces stability and lowers
the flutter onset.

Fig. 2 Torque vs. flap displacement (β) in the presence of free-play nonlinearity.

The aerodynamic lift and moments L, Mα and Mβ are calculated using the Theodorsen method, which employs lin-
earized thin airfoil theory to evaluate unsteady aerodynamic forces and moments, as outlined in Theodorsen [11].

L (h, α, β) = −πρb2
[
ḧ+ Uα̇− baα̈− U

π
T4β̇ − b

π
T1β̈

]
− 2πρUbQC (k) , (3)

Mα(h, α, β) = πρb2

[
baḧ− Ub

(
1

2
− a

)
α̇− b2

(
1

8
+ a2

)
α̈− U2

π
(T4 + T10)β

+
Ub

π

{
−T1 + T8 + (c− a)T4 −

1

2
T11

}
β̇ + b2π {T7 + (c− a)T1} β̈

]
+ 2πρb2

(
a+

1

2

)
QC(k),

(4)
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Mβ (h, α, β) = πρb2

[
b

π
T1ḧ+

Ub

π

{
2T9 + T1 −

(
a− 1

2

)
T4

}
α̇− 2b2

π
T13α̈−

(
U

π

)2

(T5 − T4T10)Wβ

]

+
Ub

2π2
T4T11β̇ +

(
b

π

)2

T3β̈ − ρUb2T12QC (k) . (5)

where Theodorsen’s constants Tj are defined in [11], while C (k) and Q are described as follows

C (k) =
H

(2)
1 (k)

H
(2)
1 (k) + iH

(2)
0 (k)

, and H(2)
n = Jn (k)− iYn (k) (6)

Q = Uα+ ḣ+ α̇b

(
1

2
− a

)
+
U

π
T10β +

b

2π
T11β̇. (7)

When flutter occurs, i.e. on the onset of flutter, the net damping in the system becomes zero and one of the vibration modes
of the system follows a simple harmonic behavior. Due to the small amplitude of these oscillations, linear aerodynamic theory
is adequate for modelling the unsteady air loads on a lifting surface in motion. Therefore, h, α and β can be represented as
follows  h

α
β

 =


ĥ
α̂

β̂

 eiωt , (8)

where ω is frequency of the motion and, ĥ, α̂ and β̂ are complex amplitudes. Moreover, aerodynamic force and moments are
functions of the generalized coordinates. By identifying h, α and β within the expressions for L, Mα and Mβ , these terms
can be arranged into matrices where the stiffness, damping, and mass matrices of the system can rewritten as follows

Ma =

−πρb2 πρb3a ρb3T1
πρb3a −πρb4

(
1
8 + a2

)
ρb4 (T7 + (c− a)T1)

ρb3T1 −2ρb4T13
ρb4T3

π

 (9a)

Ka =

0 −2πρU2bC(k) −2ρU2bT10C(k)
0 2πρb2UC(k)

(
a+ 1

2

)
2ρb2UT10C(k)

(
a+ 1

2

)
− ρb2U2(T4 + T10)

0 −ρU2b2T12C(k) −ρb
2U2 (T5 − T4T10) + ρU2b2T12T10C(k)

π

 (9b)

Ca =

 −2πρUbC(k) −πρb2U − 2πρUb2C(k)
(
1
2 − a

)
ρb2UT4 − ρUb2T11C(k)

2πρb2
(
a+ 1

2

)
C(k) 2πρb3C(k)N2 − πρb3U

(
1
2 − a

)
ρb3UN1 + ρb3

(
a+ 1

2

)
C(k)T11

−ρUb2T12C(k) ρb3UN3 − ρUb3T12C(k)
(
1
2 − a

) ρb3U (T12T11C(k)− T4T11)

2π

 (9c)

where,

N1 =

(
−T1 + T8 + (c− a)T4 −

1

2
T11

)
, N2 =

(
a+

1

2

)(
a− 1

2

)
, N3 =

(
3T1 −

(
a− 1

2

)
T4

)
(9d)

Then, equation of motion can be written as follows:

Mẍ+Cẋ+K x = 0, (10)

where,

M = M−Ma, C = C−Ca, K = K−Ka (11a)
x = {h α β} (11b)

Nonlinear Flutter Solution

The nonlinear flutter solution is obtained by using the state-space approach and solved through incrementally increasing
free-stream velocity, as shown by Kösterit et al. [12]. Eigenvalue analysis is conducted within the state-space formulation,
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where the real parts of the eigenvalues are examined to identify the flutter speed. Depending on the value of eigenvalue λ,
behavior of the system may exhibit oscillatory, dissipative, or dispersive behavior. If λ < 0, the system is dynamically stable;
if λ > 0, it becomes dynamically unstable, leading to divergent oscillations. The point where λ = 0 defines the ‘stability
boundary.’ In aeroelastic systems, this instability is known as ’flutter’, and the corresponding boundary is called the ‘flutter
boundary’. In flutter cases, the solution typically shows oscillatory or dispersive behavior, both indicating instability, where
even a small disturbance can lead to large structural displacements. Hence, the flutter speed is determined as the point where
the real part of the eigenvalue transitions from negative to positive. In state space form, equation of motion of the system can
be written as follows:

Aq̇+Bq = 0 (12a)

A =

[
0 M
M C

]
, B =

[
−M 0
0 K

]
, q =

{
ẋ
x

}
(12b)

Here, q assuming harmonic form for x, q can be represented as follows

q = qeλt, (13a)

Substituting Eq. (13a) into Eq. (12a) the following eigenvalue problem is obtained

λAq+Bq = 0. (13b)

Eq. (13b) is for the linear problem. For the nonlinear problem, DFM is used to find the nonlinear stiffness matrix.
This method, as demonstrated by Iannelli et al. [13], allows for stability assessment without requiring detailed frequency-
domain analysis. In their study, Iannelli et al. applied DFM to aeroelastic systems with free-play nonlinearities, addressing
uncertainties using structured singular values and integral quadratic constraints. Their work effectively captured the dynamic
behavior of aeroelastic systems, providing an efficient way to model and analyze nonlinearities such as free-play in control
surfaces. In the presence of free-play nonlinearity, the nonlinear restoring torque acting on the control surface can be written
as follows by using the describing function theory

TN = ν • β̂, (14)

where, ν is the describing function which is defined as

ν =
i

πA

∫ 2π

0

TN (Asin (ψ)) e−iψdψ. (15)

TN is the nonlinear restoring torque, A is the amplitude of oscillations, ψ = ωt and β̂ is the complex representation of
the flap displacement. It should be noted that, in general, ν is complex quantity; however, for free play nonlinearity, it is a
real quantity, and it can be obtained as follows

ν (A) =

 −2k2
π

(
sin−1

(
δ
A

)
+ δ

A

√
1−

(
δ
A

)2 )
+ k2 A > δ

0 A ≤ δ
, (16)

Here, A is the flap displacement amplitude, k2 is the torsional stiffness of the hinge mechanism, and δ defines the gap
in free-play at one side of the equilibrium resulting total gap of 2δ. Using DFM, the stiffness matrix of the system can be
written as follows

K = K−Ka+

 0 0 0
0 0 0
0 0 ν (β)

 . (17)

Results

The flutter characteristics of the system are influenced by several structural and geometric parameters, which affect both flut-
ter speed and frequency. The interaction between these parameters and the aeroelastic response is critical for understanding
the stability of the system. The results demonstrate how variations in stiffness, semi-chord length, and hinge line position
shape susceptibility to flutter, providing insights into optimizing aeroelastic performance.
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Table 1 System parameters used in flutter analysis

Geometric Parameters
b 0.127 [m]
a −0.5 [m]
c 0.5 [m]

Mass Parameters
mw 0.62868 [kg]
mT 1, 76435 [kg]
Inertial Parameters
xa 0.434 [m]
xb 0.01996 [m]]
Iα 0.0137 [kg m2]
Iβ 0.0003264 [kg m2]

First, linear flutter solution is obtained and given in Fig. 3. The real and imaginary parts of the eigenvalue provide the
flutter speed and frequency, respectively. From the analysis, it is observed that the plunge mode reaches flutter at a speed
of 22.72 m/s where the real part of the eigenvalue reaches zero with a corresponding frequency of 5.74 Hz. The system
parameters used in the solution are provided in Table 1.

Fig. 3 Variation of real and imaginary parts of the eigenvalues vs. freestream velocity for pitch, plunge, and flap modes.

The nonlinear problem is considered next. As stiffness increases (k = 10, 25, 100 [N/m]), the flutter speed increases
significantly after exceeding the free-play limit. This effect is illustrated in Fig. 4a, which shows the sharp increase in flutter
speed, indicating a more stable system with higher stiffness. However, up to around 2 degrees of rotational displacement,
the flutter speed remains unchanged. This behavior is a direct result of the free-play that was introduced in the model. The
gap allows for initial motion without engaging the stiffness; and as a result, the system does not exhibit any change in flutter
speed within this range. Once the rotational displacement exceeds the free-play limit, the stiffness engages, leading to a
sharp increase in flutter speed. After this point, the curves become steeper, showing a more abrupt transition to flutter with
higher stiffness values. This outcome aligns with the idea that increased stiffness enhances the stability of the system, making
it less prone to aeroelastic instabilities. The next analysis focuses on the semi-chord length b as shown in Fig. 4b. As the
semi-chord length increases, both the flutter speed and frequency show a slight increase. This can be attributed to changes in
the distribution of aerodynamic forces along the airfoil. Although the effect of semi-chord length is more subtle compared
to stiffness, it still plays a role in stabilizing the system. Larger semi-chord lengths result in a marginally higher resistance
to flutter, particularly when aerodynamic loads are distributed across the control surface.
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Fig. 4 Variation of flutter speed and frequency with respect to a) stiffness and b) chord length.

When evaluating the hinge line distance, c, a more significant influence on flutter behavior is observed, which is illustrated
in Fig. 5. As c increases, both flutter speed and frequency decrease noticeably. This indicates that the system becomes more
susceptible to flutter at lower speeds as the hinge line moves further from the mid-chord. This shift alters the torsional
dynamics of the airfoil, making the structure more sensitive to aeroelastic forces. The positioning of the hinge line is therefore
a critical design consideration for managing flutter risk in practical applications. Lastly, the distance between the elastic axis
and the mid-chord, a, shows a similar trend. As a increases, both flutter speed and frequency decrease slightly. This suggests
that as the elastic axis moves further from the mid-chord, the system becomes more prone to flutter. While the effect of a
is less pronounced than that of stiffness or hinge line position, it still plays an important role in the overall stability of the
system. Adjusting this parameter in combination with others can help optimize the aeroelastic performance of the system.

Fig. 5 Variation of flutter speed and frequency with respect to a) hinge line distance and b) elastic axis location.

Conclusion

This study focuses on analyzing the flutter behavior of a 3-DOF airfoil model with control surface free-play. Describing
Function Method (DFM) is used to capture the nonlinear dynamics. The results indicate that free-play significantly affects
both the flutter speed and the aeroelastic response of the system. Initially, control surface moves within the free-play gap
without activating the stiffness, resulting in no change in flutter speed over a specific range of rotational displacement. Once
the stiffness engages, there is a sharp increase in flutter speed, indicating a faster transition to instability in stiffer systems.
It is observed from free-play affects aeroelastic behavior significantly, highlighting the importance of optimizing structural
system parameters to reduce the vulnerability to flutter.
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110 İzzet Uluğ and Ender Cigeroglu

2. Q. Yu, Y. Zhang, and Y. Wang, “Numerical analysis of free-play-induced aeroelastic phenomena: A numerical approach with adaptive step
size control,” Int. J. Aerosp. Eng., vol. 2024, pp. 1–13, Apr. 2024.

3. M. D. Conner, D. M. Tang, E. H. Dowell, and L. N. Virgin, “Nonlinear behavior of a typical airfoil section with control surface freeplay: A
numerical and experimental study,” Journal of Fluids and Structures, vol. 11, no. 1, pp. 89–109, 1997.

4. S. Irani and S. Sazesh, “A new flutter speed analysis method using stochastic approach,” Journal of Fluids and Structures, vol. 40, pp.
105–114, 2013.

5. S. T. Trickey, L. N. Virgin, and E. H. Dowell, “Characterizing stability of responses in a nonlinear aeroelastic system,” in 41st Structures,
Structural Dynamics, and Materials Conference and Exhibit, Dec. 2000.

6. R. Yurkovich, “Nonlinear Aeroelasticity and Flutter Suppression Using Frequency Domain Techniques,” presented at the 20th International
Forum on Aeroelasticity and Structural Dynamics (IFASD), June 2004.
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Chapter 16Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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The Nonlinear Restoring Force Method: An Overview with
Numerical and Experimental Applications

Cristiano Martinelli and Andrea Cammarano

Abstract The stringent CO2 policies and the competitive market are increasing the demand for lightweight high-performance
structures in many engineering sectors. Under normal operations, these structures may experience large deformations which
may lead the dynamics of the systems into the nonlinear regime. Consequently, methods and approaches for the analysis and
the identification of accurate mathematical models, capable of representing the dynamics of such systems, have become of
central importance in the current scientific research. This paper proposes an overview of a novel approach for the identifica-
tion of strongly nonlinear systems, named the Nonlinear Restoring Force (NLRF) method. Based on the classical Restoring
Force Surface (RFS) method, this approach separates the nonlinear contribution of the restoring force from the linear one
exploiting well-established linear identification methods currently used in industrial practices. This enables the visualisation
of the pure nonlinear part of the restoring force surface, facilitating the identification of an appropriate mathematical function
capable of capturing the nonlinear behaviour of the system. Firstly the mathematical background of the theory and numeri-
cal examples are presented and then, to show the capabilities of the method, nonlinear Reduced Order Models are identified
from experimental data. To this end, the dynamics of two experimental test rigs, characterised by geometric (smooth) and
localised (non-smooth) nonlinearities, are presented and analysed. Finally, all the identified models are validated against
experimental data, using different excitation levels to test their prediction accuracy.

Keywords Nonlinear System Identification· Nonlinear Dynamics· Model Updating· Experimental Analysis· FEA

Introduction

Lightweight high-performance structures are becoming popular in many engineering sectors. The advantages of these struc-
tures consist in using less material and obtaining a lightweight structure. Historically the space sector has been interested in
reduce the weight of systems, as the cost of space mission is directly proportional to the weight, a good cost predictor [1].
Nonetheless, in recent years, other engineering sectors such as the civil, power, and transport industries [2] have also devel-
oped an interest in lightweight structures. This interest is driven by the stringent CO2 policies [3, 4] which force industries
to reduce their emissions. Despite these advantages, lightweight structures are characterised by slender sections which can
induce the nonlinear dynamic responses when large deformations are achieved.

Nowadays, the identification of linear models via model updating procedures [5] and modal experimental analysis of
linear structures [6] are considered well-established practices by the scientific and industrial engineering community. On the
contrary, a solid and robust procedure for the identification of nonlinear mechanical systems has not been developed yet, but
rather several methods have been proposed. Kerschen, Noël and collaborators [7, 8] provided a systematic review of the dif-
ferent methods for the identification of nonlinear systems: between the different methods, the Restoring Force Surface (RFS)
method [9] is considered one of the most well-established identification methods for nonlinear systems. The RFS method
has been successfully used for the identification of several nonlinear systems from experimental data: for example, Bonisoli
and Vigliani [10] adopted the RFS method to identify the nonlinear parameters of a passive magneto-elastic suspension,
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Fig. 1 Nonlinear Restoring Force (NLRF) method: outline of the procedure for the identification of nonlinear models.

Cammarano et al. [11] utilised the RFS method to obtain the nonlinear properties associated to a bistable mechanical system
for vibration energy harvesting, and Kerschen et al. [12, 13] adopted the same method to identify a trilinear characteristics
of a small real satellite and the nonlinear characteristics between the aircraft wings and fuel tanks.

Although efficient, the classical RFS method allows for the graphical representation of the restoring surface only when
single Degree of Freedom (DOFs) systems are representative of the system dynamics and becomes computationally ex-
pensive when MDOF structures are considered [14]. This results in a difficult implementation of the method in the current
industrial practices which rely on definition of MDOF linear models. To solve these problems, a modified version of the
RFS method has been recently proposed by Martinelli et al. [15, 16], named the Nonlinear Restoring Force (NLRF) method.
The method is build on existing linear identification methods and aims to identify the linear and nonlinear behaviour of the
mechanical structure in a separate way. This allows the method to be easily implemented in the current industrial practices,
facilitating the identification of nonlinear mechanical systems and structures. This paper proposes an overview of NLRF
method: firstly the methodology is presented, then a numerical example is introduced to show how the method can be ap-
plied in practice. The method is then utilised to identify the nonlinear Reduced-Order Models (ROMs) of two experimental
test rigs characterised by smooth and non-smooth nonlinearities. Finally, the identified nonlinear models are validated against
experimental data that were not used during the identification phase.

Methodology, Background Theory, and Limitations

The methodology of the Nonlinear Restoring Force Surface Method is schematically described by Fig. 1. The procedure
is divided into two different phases: in the first phase the underlying linear behaviour the system is identified while in the
second phase aims to identify the nonlinear characteristics of the system. The linear behaviour of the system is identified
using classical identification methods, such as Half Power method, Circle Fitting Method, or stabilisation diagram. During
this phase, experimental linear analysis is performed by applying low amplitude random excitation to the structure. This
excitation reduces the effect of smooth nonlinearities, e.g. hardening or softening stiffness, and allows estimating the under-
lying linear behaviour of the system [6, 17]. At this stage, a linear model representing the underlying linear behaviour of the
system is identified using one of the aforementioned techniques and by selecting an appropriate number DOFs. In the second
phase, the nonlinear dynamic behaviour of the system is identified. Firstly a nonlinear experimental analysis is performed;
this often involves the usage of sinusoidal excitation at specific frequencies or forward/backward frequency sweeps to excite
the nonlinear response of the structure. Then, the knowledge of underlying linear system and the experimental nonlinear data
are utilised to obtain the nonlinear restoring force using the following expression:

NRF = N(ẋ, x) = F − Mẍ − Cẋ − Kx (1)

where x ∈ Rn×1 represents the displacement vector, M, C, and K ∈ Rn×n, denote the linear mass, damping, and stiffness
matrices, and N(ẋ, x) and F ∈ Rn×1 are the nonlinear contribution and the forcing function. Eq. 1 results in a vector of
nonlinear restoring forces for each DOF of the selected ROM. These restoring forces can be plotted in a sub-space of
coordinate to obtain additional information about the nonlinear behaviour of the system. Specifically the visualisation of the
nonlinear restoring force surface allows to:

• Understand if the selected sub-space of coordinates is sufficient to fully describe the nonlinear dynamics of the sys-
tem [15].

• Identify and characterise localised nonlinearities [16].

These two features provide additional insights about the dynamics of the system and helps to define a suitable nonlinear
function, e.g. a polynomial, for the identification of the nonlinear characteristics. An overview of the features is reported
in Section Experimental Validation: Identification of Smooth and Non-Smooth Nonlinearities where the nonlinear dynamic
behaviour of two experimental test rigs is identified using the proposed method: in the identification of the first test rig
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(characterised by only smooth nonlinearities), the NLRF method is utilised to understand if the nonlinear characteristics of
each DOF of the structure can be fully described using only a sub-set of local coordinates, e.g. to understand if the nonlinear
characteristic associated to the first DOF of the structure can be represented using a function of the type N(x1, ẋ1). The
second test rig is instead used to show how the proposed method can be used to identify localised nonlinearities.

One of the limitation of the proposed approach is the need of identifying an underlying linear system: to this end the
considered mechanical system must behaves linearly at low amplitude of excitation. Without this feature, the method cannot
be applied as the first phase of the procedure would be invalidated. Another limitation of the approach comes from the linear
identification methods [6] and consists in the selection of an appropriate linear ROM: by selecting a ROM which does not
capture the full dynamics of the system, the identification of the linear behaviour is inaccurate, and this affect the capability
of the method in identifying the sought nonlinear characteristics.

Numerical Example: A Three Storey Building with a Localised Nonlinearity
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Fig. 2 Schematic representation of three storey building and the associated ROM.

A model of a building is considered as numerical example. The building is made in steel (elastic modulus E = 210 GPa,
Poisson coefficient ν = 0.34, and density γ = 8000 Kg/m3) and has three storeys whose dimensions are described by Fig 2.
The dynamics of the building is simulated using a FE model developed in ANSYS using plate element (PLANE42) to model
each storey and beam elements (BEAM3) to model structural connection between each storey. The building is excited by the
transversal excitation of the ground and a symmetric motion constraints at the first floor is applied to simulate the presence
of a nonlinear characteristic. The nonlinear constraint is simulated in ANSYS by using the element COMBIN39 and by
imposing a piecewise characteristic of the form:

Fp =


kp(x1 − δ) if x1 > δ

0 if − δ < x1 < δ

kp(x1 + δ) if x1 < −δ

(2)

where δ denotes the semi non-contact gap and kp the piecewise stiffness. Fig. 2 shows the ROM representing the three storey
building: each floor shares the same dimensions and material therefore the stiffness (k), the damping (c), and the mass (m)
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of each DOF of the ROM are considered to be the same. The final ROM results in the following equation of motion:

mẍ1 + c(ẋ1 − ẏ) + k(x1 − y)− c(ẋ2 − ẋ1)− k(x2 − x1) +N1(x, y) = 0 (3a)
mẍ2 + c(ẋ2 − ẋ1) + k(x2 − x1)− c(ẋ3 − ẋ2)− k(x3 − x2) +N2(x, y) = 0 (3b)

mẍ3 + c(ẋ3 − ẋ2) + k(x3 − x2) +N3(x, y) = 0 (3c)

where Nk(x, y) indicate a general nonlinear terms applied to the k-th DOF.
Linear and nonlinear FE simulations are performed to identify the underlying linear and nonlinear behaviour of the three

storey building in time and frequency domain. The modal analysis shows that the first three natural frequencies are found at
the following frequencies: 0.234 Hz, 0.657 Hz, 0.951 Hz. The cumulative mass fraction of these three modes displace more
than 99% of the mass of the system (considering the first 20 modes). This analysis confirms that a 3 DOFs reduced-model
is sufficient to describe the dynamics of the of the building. The Frequency Response Functions (FRFs) of the system are
obtain via harmonic analysis: a based displacement Y of 0.01 m is imposed to the base of the model and the response of
the system is measured at nodes located in the middle of each floor. The mass m of each floor is estimated by knowing
the volume and the density of the material 1. The stiffness k, instead, is obtained from the value of the natural frequencies
which can be estimated via classical experimental modal analysis [6]. The value of the stiffness k is the obtained by solving
ωn = f(k) where f(k) is obtained by solving the eigenvalues problem associated to the ROM. For the considered problem,
the value of the natural frequencies are found:

ωn,1 = 0.445
√
k/m (4a)

ωn,2 = 1.247
√

k/m (4b)

ωn,3 = 1.802
√

k/m (4c)

Using Eq. 4 it is possible to obtain a value of the stiffness k = 2.925e+06 N/m by averaging the obtained results. Assuming
a Rayleight proportional damping (α = 0 and β = 0.01) for the FE simulations, the FRF of the model can be computed and
used to identity a suitable damping factor c via iterative procedure. A final value of c = 2.925e + 04 Ns/m is identified. At
this point, it is possible to compare the FRF of the FE model and the identified ROM: the comparison is reported in Fig. 3
and shows that the reduced-model is able to reproduce the dynamic behaviour of the full model for the first three modes.
Using the knowledge of the identified underlying linear model, it is possible to compute the nonlinear restoring forces for
each DOF as follows:

NLF1 = −mẍ1 − c(ẋ1 − ẏ)− k(x1 − y) + c(ẋ2 − ẋ1) + k(x2 − x1) (5a)
NLF2 = −mẍ2 − c(ẋ2 − ẋ1)− k(x2 − x1) + c(ẋ3 − ẋ2) + k(x3 − x2) (5b)

NLF3 = −mẍ3 − c(ẋ3 − ẋ2)− k(x3 − x2) (5c)
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Fig. 3 Comparison between linear Frequency Response Functions (FRF) of the FE model and the selected ROM.

The nonlinear restoring forces are plotted to identify the nonlinear characteristics of the system. To this end, nonlinear
transient analyses are performed in ANSYS. For the sake of brevity, only the nonlinear restoring force associated with the

1the mass of the beams is considered for 1/3
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Fig. 4 Lateral view of the identified linear/nonlinear restoring force surfaces (black dots) and associated nonlinear charac-
teristics imposed in ANSYS (red line). The panels in the top row show the nonlinear restoring force surfaces of the first DOF
as defined in Eq. 5a, while the bottom panels shows the results obtained with the classical restoring force surface method.
From left to right, the panels in the first, second, and third column shows the results obtained using the transient response of
the system when, respectively, the first, second, and third natural frequency are used as excitation source.

first DOF of the structure are plotted, for three different excitation frequencies, namely the three natural frequencies ωn,1,
ωn,2, and ωn,3. The nonlinear analysis shows that, when the excitation frequency Ω is equal to the first (ωn,1) or the second
(ωn,2) natural frequency of the system, contact between the first storey and the limit motion constraint occurs; instead, when
the frequency of excitation is increased and matches ωn,3 no contact occurs in the system. At this stage it is possible to plot
the nonlinear restoring forces in a subspace of coordinate which is chosen to be x1 and ẋ1. The results are reported in Fig. 4
where the later view of surface (black dots) is shown and compared against the characteristic to be identified (red line). In
order to make a comparison with the classical restoring force surface method the acceleration of the mass, typically used in
base excited structures (see for example [11]), is plotted in the second row of Fig. 4. The results demonstrates that at the
first two excitation levels (i.e. Ω = ωn,1 and Ω = ωn,2), the NLRF surface is able to reconstruct the nonlinear piecewise
characteristic applied to the system. When the excitation Ω is equalt to ωn,3 contact does not occur and thus the NLRF surface
shows a flat line close to zero. On the contrary, the classical approach perceives the present of non-smooth characteristic but it
does not allow the accurate identification of the nonlinearity. In addition, the presence of the linear contributions associated
to all the DOFs of the system, leads to the generation of an hypersurface rather than simple 3D surface. This concept is
clearly highlighted by Fig. 5 where the surfaces associated to Ω = ωn,1 are plotted in isometric view.

Experimental Validation: Identification of Smooth and Non-Smooth Nonlinearities

The proposed method is utilised to identify the nonlinear characteristics of two similar test-rigs: the first test rig is charac-
terised by smooth geometric nonlinearities while the second one presents an additional localised non-smooth characteristic.
The two test rigs are shown in Fig. 6: the first test rig (left panel of Fig. 6) is mounted on a vibrating table whose amplitude is
controlled by a feedback sensor (optical laser). The second test rig (right panel of Fig. 6), instead, is excited by the motion of
single support whose motion is controlled by the voltage that is imposed on the shaker. Firstly, the linear dynamic behaviour
of the two experimental model need to be identified. In this paper, the NLRF method is utilised to identify the full nonlinear
behaviour of the first test rig and the the localised nonlinearity of the second test rig. This affect the definition of the ROMs
that are used to identify the sought nonlinear characteristics.
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Fig. 5 Isometric view of the identified linear/nonlinear restoring force surfaces. The panel on the left represents the non-
linear restoring force surface while the panel on the right shows the classical representation of the restoring force surface for
base-excited systems.

Vibrating Table

Mass 1 Mass 2

Optical Laser

Shaker

Motion Constraint

Mass 1 Mass 2 Shaker

Base Excitation

Fig. 6 Experimental test rigs: two-mass system characterised by smooth (left panel) and non-smooth (right panel) nonlin-
earities. The first experimental model is excited by a vibrating table while the second one is excited by the motion of single
support.

The linear behaviour of the first test rig is identified using a two-DOF model which is described by the following set of
ODEs:

mz̈1 + c1ż1 + c2(ż1 − ż2) + k1z1 + k2(z1 − z2) +NLF1(z1, z2, ż1, ż2) = −mÿ (6a)
mz̈2 + c3ż2 − c2(ż1 − ż2) + k3z2 − k2(z1 − z2) +NLF2(z1, z2, ż1, ż2) = −mÿ (6b)

where y represents the base displacement, z = x − y indicates the relative displacement between the base and the masses,
and NLF1 and NLF2 are the nonlinear restoring terms associated with the first and second DOF of the model. The linear
coefficients are identified via circle fitting method and are reported in Tab. 1. The interested reader can find additional details
about the identification of the underlying linear system of the first test rig at the following reference [15].

The linear and nonlinear smooth behaviour of the second test rig is described by the following ROM:

mẍ1 + c1ẋ1 + k1x1 + c2(ẋ1 − ẋ2) + k2(x1 − x2) + µ1x
3
1 + µ2x

3
1 − µ2,bx

2
1x2 + µ2,bx1x

2
2 − µ2x

3
2 +NLF1 = 0 (7a)

mẍ2 + c3(ẋ2 − ẏ) + k3(x2 − y)− c2(ẋ1 − ẋ2)− k2(x1 − x2) + µ3(x2 − y)3 − µ2x
3
1 + µ2,bx

2
1x2 − µ2,bx1x

2
2 + µ2x

3
2 = 0 (7b)

where x represents the absolute displacement of the two masses, y indicates the base displacement, k1, k2, and k3 are
the linear stiffness coefficients, c1, c2, and c3 denote the linear damping coefficients, and µ1, µ2, µ2,b, and µ3 are the
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nonlinear stiffness coefficients. This ROM has been identified and validated in [18] and this information are utilised to
identify localised nonlinearities in the second test rig, using the proposed method. The linear parameters of the system are
once again identified via circle fitting method and are reported in Tab. 1. The remaining smooth nonlinear parameters have
been identified via meta-heuristic optimisation and, for completeness, are reported in Tab. 2. Details of the identification and
validation procedures can be found at the following references [18, 16].

At this stage it is possible to proceed with the identification of the nonlinear characteristics of both rest rigs. Firstly, the
NLRF surfaces must be plotted in a reduced sub-space of coordinates: the results are reported in Fig. 7 where the NLRF
surfaces of the first DOF for the first and second test rig are shown. It is worth mentioning, that the two test rigs are excited
via sinusoidal frequency sweeps in two different ways: the vibrating table of the first test rig is controlled in amplitude via
closed-loop control. This allows imposing a certain amplitude of the base excitation. On the contrary, the second test rig does
not present a closed-loop control, and frequency sweeps across the first two linear resonances are performed by imposing
the amplitude of the sinusoidal voltage signal the is passed to the shaker. Further details about the experimental analysis of
the two test rigs can be found in [19, 15].

Fig. 7 Experimental NLRF surfaces of the first test rig (left panel) and second test rig (right panel). The surfaces are
obtained by imposing, respectively, a base amplitude of 0.05 mm and voltage input of 0.3 V. The coordinates of the first
DOF, i.e. z1 − ż1 and x1 − ẋ1, are used to plot the NLRF surfaces associated with the first DOF of the selected ROM.

In both cases, the coordinates of the local DOF, e.g. x1 and ẋ1 for the first DOF, are used as reduced sub-space to plot the
surfaces. The NLRF surface of the first test rig considers all the nonlinear dynamics of the system and it can be represented
as a 3D function in the considered sub-space of coordinates. Similarly the NLRF surface of the second DOF of the first test
rig (here not represented) shows the same property. This result is suggesting that the selected coordinates, i.e. z1 − ż1 for
the first DOF and z2 − ż2 for the sscond DOF, are sufficient to describe the nonlinear characteristics of the first test rigs.
This information is then utilised to mathematically model the sought nonlinear characteristic which results in the following
expression: {

NLF 1 = a1z
2
1 + a2z1ż1 + a3ż

2
1 + a4z

3
1 + a5ż

3
1 + a6z1ż

2
1 + a7z

2
1 ż1;

NLF 2 = b1z
2
2 + b2z2ż2 + b3ż

2
2 + b4z

3
2 + b5ż

5
2 ;

(8)

Eq. 8 represents the form of the nonlinear characteristic of the first test rigs and its polynomial degree can be obtain thorugh
the iterative procedure described in [15].

Table 1 Linear coefficients identified from the experimental linear transfer functions in Ref. [16, 15]. The first line indicates
linear coefficients of the first test rig while the second line shown the linear coefficients identified from the experimental data
of the second test rig.

Coefficients m [kg] c1 [Ns/m] c2 [Ns/m] c3 [Ns/m] k1 [N/m] k2 [N/m] k3 [N/m]
Test rig 1 0.1130 0.0582 0.0205 0.0600 1232.9 225.1 1261.9
Test rig 2 0.1365 0.0454 0.0075 0.0366 714.9 89.6 624.9
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Table 2 Nonlinear smooth parameters identified in [18]. The parameters are identified via meta-heuristic optimisation.

µ1 [N/m3] µ2 [N/m3] µ2,b [N/m3] µ3 [N/m3]
2.732e+06 1.324e+06 8.850e+06 7.069e+06

Similarly, from inspection of the NLRF surface of the second test rig, a nonlinear function representing the type of
nonlinearity is identified of the second experimental model. In this case, a piecewise function is considered to be a valid
representation of the nonlinearity. The sought nonlinear characteristic is mathematically represented by the following ex-
pression:

NLF =


kp(x1 − a2) if x1 > a2

0 if − a1 < x1 < a2

kp(x1 + a1) if x1 < −a1

(9)

where kp is the piecewise stiffness and, a1 and a2 are the lower and upper limits of the semi free-play gap. At this stage, it
is possible to identify the unknown coefficients by imposing and solving a minimisation problem. The results are reported
in Tab. 3 for the first test rig and in Tab. 4 for the second test rig.

Table 3 Experimental nonlinear coefficients, identified from the nonlinear restoring force surfaces in [15].

Monomial (M1) Coefficient Value Monomial (M2) Coefficient Value
z21 a1 −8.4608× 103 N/m2 z22 b1 −8.3989× 103 N/m2

z1ż1 a2 5.3189Ns/m2 z2ż2 b2 −4.8546Ns/m2

ż21 a3 0.9055Ns2/m2 ż22 b3 0.9047Ns2/m2

z31 a4 1.1237× 107 N/m3 z32 b4 1.1231× 107 N/m3

ż31 a5 1.9777Ns3/m3 ż52 b5 −8.0214Ns5/m5

z1ż
2
1 a6 −1.3876× 102 Ns2/m3 − − −

z21 ż1 a7 1.0495× 104 Ns/m3 − − −

Table 4 Parameters of the piecewise function identified in [16].

a1 [m] a2 [m] kp [N/m]
4.091× 10−4 3.995× 10−4 5.472× 103

Once the nonlinear characteristics are identified, the dynamics of the numerical models and experimental test rigs are
compared. The comparison is carried out using dynamic responses of the experimental test rigs that were not used during
the identification procedure: specifically, the NLRF surfaces of the first and second test rigs were obtained by imposing an
amplitude of excitation of, respectively, 0.05 mm and 0.3 V. The dynamics of the first test rig is investigated also at amplitude
of the vibration table equal to 0.04 mm and 0.03 mm; these additional data are utilised to carry out the comparison between
the numerical and experimental FRCs in the case of the first test rig. The first numerical model is solved using the toolbox
COCO [20] via numerical continuation and the results are reported in Fig. 8 where the FRCs are shown in terms of amplitude
of the first DOF. The figure shows that the numerical model is able to capture the dynamics of the experimental test rig in
terms of amplitude of response and jumps from high to low amplitude solution, even when the experimental and numerical
models are compared in excitation conditions that are different from the one utilised during the identification phase. The
results of Fig. 8 are satisfactory in terms of prediction capabilities of the model therefore the identified numerical model is
considered to be validated.

A similar validation procedures is repeated for the numerical model representing the second test rig: in this case, time-
histories and phase-portraits at different frequencies of excitation are used to carry the comparison. This choice is motivated
by the very rich and complicate dynamic response of this class system which include grazing bifurcations, multi-periodic
isolas, quasi-periodic responses, and chaos. The reader interested in the numerical and experimental dynamics of this class
of system is invited to read the following references [19, 21]. The NLRF surface of the second test rig is obtained using
data associated to an amplitude of excitation of 0.3 V. The test rigs is also tested using a voltage input of 0.35 V, thus the
dynamics responses associated to this condition are utilised to carry out the validation process. Specifically the following
conditions are considered: a single period attractor, identified at 11.9 Hz, and a multi-periodic attractor, found when the
excitation frequency is equal to 12.1 Hz. The results of the comparison are shown in Fig. 9 where it is demonstrated that
the identified nonlinear model is able to capture the dynamics of the experimental test rig from a quantitative and qualitative
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Fig. 8 Comparison between experimental (dots) and numerical FRC (continuous line) in terms of amplitude of the first
DOF. The panel on the left shows the comparison between FRCs when an amplitude of excitation equal 0.04 mm is utilised.
The panel on the right shows the same comparison when an amplitude of 0.03 mm is imposed to the base.

Fig. 9 Comparison between experimental (black continuous line) and numerical results (gray continuous line). The panels
on the left show the time-histories while the panels on the right show the orbits. Different attractors are considered, namely,
a single period attractor at 0.35 V (panels in the top row) and multiperiodic attractor at 0.35 V (panels in the bottom row).

point of view, in term of time histories and type of attractor. These results confirms the prediction capability of the identified
model which is considered to be validated.

Conclusions

This paper presented an overview of novel identification method named the Nonlinear Restoring Force (NLRF) method. The
method builds on the separation of linear and nonlinear components of the restoring force, allowing to be interfaced with
the current model identification practices utilised in industry. By obtaining a graphical representation of the pure nonlinear
response in a reduced sub-space of coordinates, the user can obtain additional insights on the nonlinear dynamics of the
system. This enables a quick and easy identification of localised nonlinearities and helps to understand if the selected set of
coordinates can fully describe the nonlinear restoring force of the system.

Firstly, the mathematical background, the methodology, and the limitations of the proposed method are presented. Then
a numerical example of a nonlinear three storeys building is proposed. To this end, a numerical FE model of the building is
created and Ansys and it is utilised to obtain the dynamic response of the structure. Then the NLRF method is utilised to re-
construct the nonlinear restoring force surfaces and identify the nonlinearity. The NFRM method is then used to identify the
nonlinear characteristics of two experimental test rigs characterised by smooth and non-smooth nonlinearities. Once again,
the NLRF surfaces are obtained using the proposed methodology, identifying the associated nonlinear characteristics. The
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identified models are then validated against experimental data; to this end, experimental dynamic responses at different am-
plitudes of excitation are used. Specifically, the validation process is done using data associated to excitation conditions that
were not used during the identification process. This guarantees an higher degree of reliability of the identified model, espe-
cially outside the ranges of experimental analysis. The comparison shows that the identified numerical models are able cap-
ture the dynamics of the experimental test rigs under several excitation conditions, thus validating and concluding the study.

Data Availability

The experimental data utilised in this paper are available at the following DOI [22, 23].
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Chapter 17Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Forced Response of Nonlinear Systems Under Multi-Frequency
Excitations by Using Harmonic Balance Method

Dersu Celiksoz and Ender Cigeroglu

Abstract Even though most of the engineering systems falls under the category of single-frequency excitation, there exist
several systems, such as double rotor systems, turbomachinery airfoils, gear boxes, micromotors etc., where the excitation is
composed of multiple frequencies. Therefore, this study explores the influence of multi-frequency excitation on the vibration
behavior of a nonlinear dynamic system. A system with gap nonlinearity is examined in order to better understand the behav-
ior of the discontinuous nonlinear elements under harmonic forces that are exhibiting different frequency characteristics. The
multi-frequency excitation is modeled to include two frequencies that are non-integer multiples of a fundamental frequency.
Using harmonic balance method, parametrical modal domain analysis is conducted to present the behavior of the system
when multiple excitation frequencies are either close to each other or distinct. The findings also illustrate the relationships
between excitation sources and the resulting vibration responses of each multi-frequency harmonics. Based on the observed
relations, contributions of the harmonics are evaluated and prediction of the vibration sources within a specific frequency
range is facilitated.

Keywords Multi-Frequency Excitations · Nonlinear Dynamic Systems · Nonlinear Vibrations · Gap Nonlinearity · Har-
monic Balance Method

Introduction

In dynamic systems, mechanical vibrations caused by external sources are considered during the design, analysis, and main-
tenance phases to ensure the stability and reliability of operating components. Various excitation sources exist for such
systems, most of which oscillate at a single frequency. However, some engineering systems, particularly those operating
in complex environments, are excited by forces with multiple frequencies. Examples of such systems include double rotor
systems, turbomachinery airfoils, gearboxes, and micromotors. Understanding the dynamics and vibration behavior of engi-
neering systems excited by multiple frequencies is crucial for predicting loading conditions and the response of mechanical
components.

Unlike single-frequency excited engineering problems, multi-frequency cases require special attention to solve the forced
response of the systems, since the harmonics are not integer multiples of each other. Moreover, the effect of multi-frequency
phenomena becomes more complicated in the presence of nonlinear elements that influence the frequency response sig-
nificantly. One of the most common types of nonlinear elements in rotating mechanical systems is gap nonlinearity. Gap
nonlinearity arises in systems with contact separations or clearances where mechanical connections or joints exist. These
systems exhibit response-dependent system stiffness, since some connections only occur if certain response conditions are
met. In other words, the stiffness varies based on the system response, such as displacements or load thresholds are exceeded.
This leads to nonlinear behavior, and modeling such systems requires attention to these threshold values. Several studies from
different application areas have been conducted on gap nonlinearity in mechanical elements. For instance, Okuizumi [1] in-
vestigated the influence of gap size on the nonlinear vibration characteristics of a satellite truss structure with a gap element.
Wang et al. [2] examined a non-direct-drive servo motor system with gap nonlinearity to propose a strategy for improving
system robustness. Based on such findings, it can be concluded that further investigation of gap nonlinearity across various
discontinuous mechanical systems is crucial.
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For the periodic problems of differential algebraic equations, Harmonic Balance Method (HBM) is used to find a nu-
merical solution. As noted by Jazar [3], substituting an assumed periodic solution using Fourier series into the differential
equation generates a residual term. The method requires that the Fourier coefficients of this residual term should vanish, en-
suring a balanced solution. Additionally, variants and extensions of the HBM have been applied to diverse types of problems
as summarized in [4].

When subjected to multi-frequency excitations, nonlinear systems produce responses whose dynamics are difficult to
predict using conventional methods. Thus, different approaches have been studied for such excitation cases. Junge et al.
[5] proposed a creative harmonic balance technique based on multidimensional Fourier transformations. This technique
extends the standard harmonic balance method by constructing separate time domains for each base frequency. Further-
more, Prabith and Krishna [6] developed a time variational method (TVM) for analyzing mechanical systems experiencing
multiple-frequency excitations. This analysis is simplified compared to the multi-harmonic balance method and avoids the
need to transform between frequency and time domains. Wu et al. [7] refined the semi-analytical HBM variants by proposing
a new formulation of the Alternating Frequency-Time method and introduced a new arc-length continuation condition to ex-
pand the capabilities for solving quasi-periodic excitations. Guskov and Thouverez [8] developed a multidimensional HBM
and an adjusted HBM to address the nonlinear response and stability of a duffing oscillator subject to bi-periodic excitation.
Also, Huang and Zhu [9] proposed a novel incremental harmonic balance method that employs two timescales to handle
quasiperiodic motion in nonlinear systems, allowing precise identification of quasiperiodic behavior.

Considering the findings of prior research, this study focuses on the influence of multi-frequency excitation on the
vibration behavior of a nonlinear dynamic system with a gap element. Excitation forces are modeled by considering two
excitation frequencies that are non-integer multiples of a fundamental frequency. This type of forcing represents a common
scenario in rotating systems with two excitation sources. To solve the equation of motion, HBM is extended to balance the
harmonic components including different combinations of multiple excitation frequencies and to cover contribution of each
harmonic term. The study also examines system response when the excitation frequencies are either close to each other or
relatively distinct. Overall, this research provides valuable insights into the design and analysis of dynamic systems subjected
to multi-frequency excitations.

Mathematical Modeling

As shown in Fig. 1, single degree of freedom nonlinear system with gap nonlinearity under the action of multi-frequency
excitation is considered in this study. The quasi-periodic external forcing and system response are assumed to be functions
of two excitation frequencies which are non-integer multiples of a fundamental frequency.

Fig. 1 Nonlinear dynamic system model with gap element.

The equation of motion of the nonlinear system can be written as follows.

mẍ (t) + cẋ (t) + kx (t) + kgap (x (t)− δgap) g (x) = F (t) , (1)

g (x) =

{
1, x ≥ δgap
0, x < δgap

. (2)

where, x is the displacement of the system. m, k, c and F are the mass, stiffness, viscous damping in the system and
external forcing acting on the system, respectively. kgap and δgap are the gap stiffness and gap value of the gap nonlinearity.
Furthermore, g (x) is used to define when the gap is closed and stiffness is in contact with the system. Plot of the nonlinear
force for the gap element is shown in Fig. 2.
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Fig. 2 Variation of nonlinear force.

The quasi-periodic response and forcing are assumed to be functions of two excitation frequencies. Similar to the multi-
dimensional representation described by Guskov [8], the response and forcing are defined in Eqs. (3) and (4) by considering
the contribution of different harmonic variations of the excitation frequencies.

x (t) = x0 +
∑

(k1,k2)∈Z2

[
xs(k1,k2)sin (k1ω1t+ k2ω2t) + xc(k1,k2)cos (k1ω1t+ k2ω2t)

]
, (3)

F (t) = f0 +
∑

(k1,k2)∈Z2

[
fs(k1,k2)sin (k1ω1t+ k2ω2t) + fc(k1,k2)cos (k1ω1t+ k2ω2t)

]
. (4)

Note that, k1 and k2 in the equations represent harmonic multipliers within the integer-couple domain Z2, which includes
various combinations of multipliers up to a specified harmonic number. Also, x0, xs(k1,k2), xc(k1,k2), f0, fs(k1,k2) and
fc(k1,k2) are used for the Fourier coefficients of corresponding terms.

Furthermore, the excitation frequencies are defined in the Eq. (5) as non-integer multiples of a fundamental frequency of
ωf , with the multipliers of β1 and β2.

ω1 = β1ωf , ω2 = β2ωf . (5)

Harmonic Balance Method For Multi-Frequency Excitation

This work analyzes the system response in the frequency domain using an enhanced harmonic balance method. Following
the summary by Sert and Cigeroglu [10], the Multi-Harmonic Balance Method is utilized to address systems defined by a
finite number of harmonics. The residual equation, including selected harmonics, is derived by combining both linear and
nonlinear terms into a matrix form for systems excited by single-frequency as follows.

r (ω) =


k 0 0 . . . 0
0 Λ (ω) 0 . . . 0
0 0 Λ (2ω) . . . 0
. . . . . . . . . . . . . . .
0 0 0 0 Λ (nHω)





x0

xs1

xc1

xs2

xc2

. . .
xsnH

xcnH


+



fN 0

fNs1

fNc1

fNs2

fNc2

. . .
fNsnH

fNcNH


−



F0

Fs1

Fc1

Fs2

Fc2

. . .
FsnH

FcNH


= 0. (6)

In Eq. (6), Λ(ω) represents the dynamic stiffness of each harmonic up to the harmonic number of nH , and defines the
linear portion of the residual as follows.

Λ (ω) =

[
k − ω2m −ωc

ωc k − ω2m

]
. (7)
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Moreover, fNr are used to denote the bias, sine or cosine components of the nonlinear internal forcing. Building upon
these studies on the Multi-Harmonic Balance Method, as well as the assumed solutions and force representations provided
by Eqs. (3) and (4), the HBM is extended to address a nonlinear problem under multi-frequency excitation. As a result, the
modified residual equation and corresponding dynamic stiffness are rederived as follows.

r(ω1, ω2) =



k 0 0 0 . . . 0
0 Λ(ω1, 0) 0 0 . . . 0
0 0 Λ(0, ω2) 0 . . . 0
0 0 0 Λ(ω1, ω2) . . . 0
...

...
...

...
. . .

...
0 0 0 0 0 Λ(nH1ω1, nH2ω2)





x0(0,0)

xs(1,0)

xc(1,0)

xs(0,1)

xc(0,1)

xs(1,1)

xc(1,1)

...
xs(nH1,nH2)

xc(nH1,nH2)



+



fN (0,0)

fNs(1,0)

fNc(1,0)

fNs(0,1)

fNc(0,1)

fNs(1,1)

fNc(1,1)

...
fNs(nH1,nH2)

fNc(nH1,nH2)



−



F(0,0)

Fs(1,0)

Fc(1,0)

Fs(0,1)

Fc(0,1)

Fs(1,1)

Fc(1,1)

...
Fs(nH1,nH2)

Fc(nH1,nH2)



= 0 (8)

Λ(ω1, ω2) =

[
k − (ω1 + ω2)

2m −(ω1 + ω2)c
(ω1 + ω2)c k − (ω1 + ω2)

2m

]
(9)

Note that the terms of nH1 and nH2 in Eqs. (8) and (9) represents the number of considered harmonics for each excitation
frequency. Additionally, the nonlinear force resulted from nonlinear gap element is denoted by fN (k1,k2) and it is calculated
using Fourier integrals for each harmonic combination. This integration involves calculating the nonlinear force contributions
over a common period to capture the nonlinear behavior across the multi-frequency range in which the gap threshold is
exceeded.

Following the selection of the contributing harmonics, the residual equation is solved using the arc length continuation
method, which is effective in handling nonlinearities through a path-following approach. This solution process involves
predicting a future solution that lies on a circle being centered on the current solution and having a predefined radius in
the solution domain. The predicted solution is then iteratively corrected employing the Newton-Raphson method until the
convergence threshold is met. Details of Newton’s method with arc-length continuation can be found in [11–12].

Results and Discussion

The analysis approach described in the previous section is conducted for various cases where different multipliers are used
for the excitation frequencies. This parametric study aims to understand the behavior of the system when multiple excitation
frequencies are either close to each other or distinct, as well as the influence of harmonic pairs on the solution. First, the
harmonic pairs present in the system are specified and their multipliers used in the study are given in Table 1. The quasi-
periodic response of the system is obtained by substitution of those harmonic pairs into the multi-frequency response given
by Eq. (3). Furthermore, external forcing is selected to excite the system with two different frequencies, as shown in Eq. (10).

F (t) = fs(1,0)sin (ω1t) + fs(0,1)sin
(
ω2t+ ϕ(0,1)

)
. (10)
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Table 1 Multipliers of selected harmonic couples

Harmonic Couple 1 2 3 4 5 6
k1 0 1 1 1 0 -1
k2 0 0 1 -1 1 1

Subsequently, a system model and corresponding residual equation are created using the parameters provided in Table 2.
The frequency response of the system is obtained employing Newton’s Method with the arc length continuation method. For
clarity, phase angle is assumed to be 0 in the analysis and its effect is investigated separately.

Table 2 System Parameters.

Parameter Unit Value
Mass, m kg 2.00
Stiffness, k N/m 300
Damping, c Ns/m 0.30
Gap Stiffness, kgap N/m 200
Gap Distance, δgap m 0.03
External Forcing, f s(1,0) N 0.50
External Forcing, f s(0,1) N 0.35
Phase Angle, ϕ(0,1) rad 0

To better understand the contributions of multi-frequency harmonics, the frequency response results for non-integer
frequency multipliers of 0.75 and 1.20, as defined in Eq. (5), are obtained, and shown in Figs. 3 and 4 both. The results
include the total solution along with the harmonic solution components. The linear response under multi-frequency excitation
is also included in the figures in order to highlight the influence of nonlinearity.

Fig. 3 Frequency response analysis results in logarithmic scale for β1= 0.75 and β2= 1.20 within fundamental frequency
range.

Fig. 4 Frequency response analysis results in linear scale for β1= 0.75 and β2= 1.20 within fundamental frequency range.
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By investigating the resonance frequencies given in Figs. 3 and 4, it can be observed that resonance occurs at the specified
non-integer multiples of the linear natural frequency. These resonance points are primarily due to the contributions of the
fundamental harmonic of each excitation component. For instance, the first resonance occurs around 10.20 rad/s, which,
when multiplied by the harmonic multiplier of 1.2, results in a natural frequency of 12.25 rad/s. Bias term is smaller than the
fundamental harmonics but it is significantly larger than the combination harmonics considered in the study.

The analysis discussed above is repeated for different non-integer multiples of the fundamental frequency to examine
the effect of the closeness of the multipliers. A range of multiplier pairs, starting from the same excitation frequency to
excitation frequencies away from each other, are considered and given in Table 3.

Table 3 Non-integer multiplier pairs for the parametrical analysis.

Multiplier Pair 1 2 3 4
β1 0.75 0.75 0.75 0.75
β2 0.75 0.80 1.2 1.45

For each set of multipliers, the analysis is conducted, and the total responses of each case are given as a single plot,
as shown in Fig. 5. The results indicate that as the multipliers become closer, the maximum response amplitude increases.
This is because the close resonances of the corresponding harmonics result in more interaction, leading to a higher overall
response. Conversely, when the multipliers are apart from each other, the distinct harmonics behave more independently and
reduce their interaction, which leads to smaller response amplitudes. This is an expected result, since in the case of distant
natural frequencies, energy given by the excitation forces are applied at different frequencies: whereas, for close frequencies
energy of the excitations are localized in a narrow frequency range resulting in the increase of the response amplitude.

Fig. 5 Total frequency responses for selected multiplier pairs within fundamental frequency range.

In addition to the study of the effect of multiplier pairs on the response, the influence of the phase angle between harmonic
components of the forcing is investigated. By keeping the multiplier pairs of 0.75 and 1.20 constant, analysis is repeated for
different phase angles of 0, π/3 and 4π/3 radians. It is observed that results are affected from the phase angle variation
negligibly; hence, for brevity these results are not given here.

Conclusion

This research emphasizes the impact of multi-frequency excitation on the vibrational behavior of nonlinear dynamic systems
by examining a mechanical system with gap nonlinearity. The study provides important findings by modeling the system
using an extended harmonic balance method for multi-frequency excitation cases and solving the forced response with
the arc-length continuation method. Firstly, it investigates the harmonic contributions that are non-integer multiples of the
fundamental frequency. Secondly, it conducts a parametric study to understand the system’s behavior as the frequency mul-
tiples get closer. The results indicate that as the excitation frequencies come closer together, the resultant vibrations become
stronger and require careful design considerations for these systems. Furthermore, the research highlights the potential for
identifying unexpected vibration sources by analyzing the system’s multi-frequency response. In conclusion, understanding
multi-frequency excitations and their effects is crucial for enhancing the reliability and performance of mechanical systems.
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Future research extending this analysis to more complex mechanical systems could lead to a better understanding of various
engineering systems under multi-frequency excitations.
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Chapter 18Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Finding the Limits of Beam Elements: Modeling Bolted Joints
as an Effective Joint Region

Nicholas Pomianek, Casey Whitworth, Enrique Gutierrez-Wing, Trevor Jerome, and J. Gregory McDaniel

Abstract Interrupting a beam with a bolted joint introduces dynamic nonlinearity and time dependent variability arising
from complex interfacial physics. High fidelity finite element simulation of large jointed structures is therefore expensive
and has diminishing returns when considering only global behavior. We propose a simplified method to model bolted joints
where a characteristic set of dynamic properties is determined for the jointed regions of a structure. Euler-Bernoulli beam
elements are used to represent joints as continuous solid regions with tunable damping, stiffness, and density properties.
These properties are updated by an optimization process based on experimental data using classical and recent frequency
response similarity metrics. Assembly and reassembly effects are accounted for experimentally through variation of bolt
tightening orders. The Brake-Reuß standardized beam is used as a test case for this work; results show robust agreement
between the updated model and modal test data. This work develops a practical and effective framework for joint modeling
that is readily applicable in any finite element software.

Keywords Joint Mechanics· Model Updating· Similarity Metrics· Frequency Response· Finite Elements

Introduction

It is easy to find structural design cases where an estimation of global response is required at the modeling stage but including
nonlinearity is not strictly necessary. These are typically large structures which often contain many instances of the same
joint and loading scenarios significantly below expected service levels. If the common joints in these designs are sufficiently
standardized and prevalent, then prototypes should be available and easy to test ex situ. Methods that leverage the available
information under these circumstances to produce a high fidelity model that is inexpensive enough for structural design
model updating are of increasing interest to the joint modeling community.

Modeling nonlinear systems requires a choice between fidelity and computation time. The highest-fidelity techniques in-
volve detailed scanning of the joint interface surfaces and modeling asperity interactions [1]. For modeling scenarios where
joint surfaces are not available a priori, statistical descriptions of surface asperities are often employed alongside a com-
bination of linear modal extraction and a quasi-static approach [2]. If the structure isn’t expected to encounter significant
macroslip, then a Iwan or Masing contact element formulation is typically used [3]. More recent techniques for this appli-
cation include the definition of Contact-Zone elements [4], or the replacement of bolts with springs [5]. Commercial finite
element packages offer joint elements that entirely replace joints but they require empirical stiffness data. Finally, sufficiently
linear systems are adequately modeled using friction contact conditions such as the penalty method that are available in com-
mercial finite element software. All these modeling techniques require validation and calibration with experimental data for
best results. If these data are available and joints are expected to be in the linear regime, then a simplified and calibrated
linear model that can predict the most significant dynamics of joints is a powerful tool for structural design.

Many joint modeling techniques have been developed to better predict the effects of friction across a wide range of
loading scenarios but all require model updating and most require element types that are unavailable to finite element prac-
titioners. Furthermore, the nonlinear approaches that many of these modeling techniques use prevent the use of frequency
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domain eigenvalue solvers. These limitations have inspired the recent work of Black et. al. [6], which addresses them by
modeling joints as tied contact regions between solid elements. By updating the size of this contact region along with the
stiffness and density of the surrounding elements, the global response of a jointed structure was predicted accurately. The
present study also uses the idea of defining a ‘virtual material’ [6] but instead uses an approach tailored to situations where
a structural prototype is unavailable.

This work seeks to develop an accessible and effective framework for joint modeling for use with standard FEA tools that
does not require special contact elements or parameters. This work seeks to demonstrate that updating the damping, stiffness,
and density characteristics of the elements within an effective joint region (EJR) can create a computationally efficient model
that preserves the most important dynamic response features of a joint.

Experimental setup

The Brake-Reuß standardized test beam (BRB) [7] was used as a case study for this work because of the extensive modal test-
ing data available in the existing literature. The prismatic geometry of the BRB also lends itself well as a best-case-scenario
for the modeling approach developed in the following sections. Pictured in Figure 1, the test specimen was manufactured
according to the machining specifications outlined in [8] but was made from ASTM A283 steel for material availability
reasons. The procedure for assembling the test structure from [8] was followed, where both sides of the BRB are clamped to
a flat surface, a shim is inserted in the interface parallel to the bolt axis, and an instrumented torque wrench is used to tighten
the bolts to 20 Nm. This assembly procedure is followed during each re-assembly of the system throughout experimentation.
The assembled system is suspended using monofilament fishing line to approximate free-free boundary conditions.

Fig. 1 Brake-Reuß beam test specimen, dimensions in mm.

Modal testing was performed using an aluminum-tipped Brüel & Kjær model 8206-002 impact hammer and a Brüel
& Kjær model 4534-B accelerometer, the placement of the accelerometer and impact hammer target location are shown in
Figure 1. Both the accelerometer and impact hammer signals are fed through PCB model 482A21 signal conditioners into
a Digilent Analog Discovery 2 digital oscilloscope which records data to a computer running WaveForms software. The
system is oriented such that the impact direction is perpendicular to the suspension lines so that they do not add stiffness to
the beam. The experimental instrumentation setup is shown in detail in Figure 2.
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Fig. 2 Experimental instrumentation setup used for impact hammer modal testing.

Bolted joints, specifically the BRB, have been demonstrated to exhibit non-repeatability and sensitivity to bolt tightening
order [8]. To account for this, six bolt tightening orders were tested, ten impacts were recorded for each order and the average
frequency response function (FRF) was computed for each order in units of accelerance a as

A(n)(f) = ã(n)(f)/F̃ (n)(f) (1)

where ã is the frequency domain acceleration, F̃ is the frequency domain force, f is the frequency, and n is the hit number
index. The average FRF is thus

Aave(f) =
1

10

10∑
n=1

A(n)(f). (2)

Finite element model updating

This work uses the Euler-Bernoulli beam element as a test case for the EJR method. Despite its lower performance compared
to other finite element formulations for beams, the Euler-Bernoulli element is computationally inexpensive and widely
accessible. The properties chosen for updating are the damping loss factor η, the Young’s modulus E, and the density ρ.
These properties were selected because joints have been observed to influence stiffness and damping, and the addition of
bolts, nuts, washers and holes necessarily changes the density of an otherwise homogeneous region. Using this formulation,
the dynamic response of an element at a given frequency ω as a function of these properties is

U⃗(η,E, ρ) =
[
(1 + ηi)K(E)− ω2M(ρ)

]−1
F⃗ (3)

where F⃗ are the nodal applied forces, U⃗ are the nodal displacements, K is the stiffness matrix, and M is the mass matrix. In
order to compare to modal test data, the response is converted to accelerance A⃗.

A⃗ = (iω2)U⃗ ⊘ F⃗ (4)

A unit force is applied at the instrumented hammer impact location by finding it’s equivalent nodal location and substituting
the corresponding element of F⃗ in equation (3). The frequency response function for comparison to modal data is calculated
by finding the equivalent nodal location of the accelerometer and extracting the corresponding element from the accelerance
vector in equation (4). All models evaluated in this work use free-free boundary conditions and neglect the added mass of the
accelerometer. Mesh convergence studies were performed and an element length of 1 cm was chosen for model updating.

The EJR method separately defines properties for the joint region as ηj , Ej , and ρj , allowing them to differ from the
known properties for the monolithic sections of the structure as shown in Figure 3. In the non-joint region, these material
properties are assigned according to test specimen material data. EJR properties are assigned by finding the equivalent nodal
locations of the joint boundaries and replacing η, E, and ρ with ηj , Ej , and ρj for the elements within these boundaries. The
resulting model is that of a solid beam with properties η, E, and ρ varying as a function of beam length. The known material
properties and bounds used for optimization of EJR properties are summarized in Table 1.

The finite element model used in this work was developed in MATLAB and benchmarked against Abaqus. Firstly, a
set of frequencies is extracted from modal test data when the experimental frequency response function is calculated. Next,
the finite element model is evaluated at each frequency in this set to construct a frequency response function that can be
compared directly with the experimental modal test data. The degree of similarity between the experimental FRF and the
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Table 1 Model properties and bounds set during optimization.

Property Lower bound Upper bound Units
η 0.005 0.005
ηj 0 0.03
E 200 200 GPa
Ej 0 20000 GPa
ρ 7800 7800 kg/m3

ρj 7000 11000 kg/m3

Fig. 3 The effective joint region is defined as any part of the structure that includes a frictional interface, dimension in mm.

finite element FRF is used as the cost function for a particle swarm optimization process. The EJR properties ηj , Ej , and ρj
are the decision variables for this optimization process. Upon each iteration of the optimization, the EJR element properties
are updated, the FEA model is evaluated, and the degree of similarity to the experimental dataset is calculated. The degree
of similarity was calculated using a handful of different FRF similarity metrics from the literature.

The most straightforward metric tested is the root mean squared percent error (RMSPE) between the two FRFs being
compared [9]. This is a simplistic approach that does not leverage the modal information contained in FRFs but is valuable
as a point to compare against more sophisticated techniques. The R2 value of a linear fit (ILR2) between the imaginary parts
of each FRF serves as another metric focused on phase [9]. The FRF scaling factor (FRFSF) criterion is another alternative
focused on the magnitude differences between FRFs.

FRFSF =

∑f2
f=f1

|X(f)|∑f2
f=f1

|Y (f)|
(5)

In this equation, X is the reference FRF, Y is the comparison FRF, and f1 and f2 are the lower and upper bounds of the
frequency range of interest. The frequency response assurance criterion (FRAC) is a well established inner-product approach
that was used as a baseline to compare to more recent approaches [10].

FRAC =

∣∣∣∑f2
f=f1

X(f)Y ∗(f)
∣∣∣2∑f2

f=f1
X(f)X∗(f)

∑f2
f=f1

Y (f)Y ∗(f)
(6)

Both FRAC and the modified frequency response assurance criterion (MFRAC), which scales FRAC by the ratio of the
minimum to maximum powers of each FRF, are investigated. As an alternative to FRAC, the mean cross signature scale
factor (CSF) was also applied due to its improved sensitivity to damping. [9].

CSF =

 f2∑
f=f1

2 |X∗(f)Y (f)|
(X∗(f)X(f)) + (Y ∗(f)Y (f))

 1

Nf
(7)
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This equation includes the total number of frequencies of interest Nf . Finally the mean magnitude similarity function (MSF)
and shape similarity function (SSF) criteria are the most recent and highest performing metrics used [11]. The similarity of
magnitude and shape are calculated separately to increase the amount of information provided by each metric. For magnitude
the metric is calculated as

|H(f)| =
∣∣∣∣Y (f)

X(f)

∣∣∣∣ (8)

Mα(f) = 1− tanh

(
ln 3

2

|20 log10 |H(f)||
α

)
(9)

M index =
1

f2 − f1

∫ f2

f1

Mα(f)df (10)

where α is a scaling factor set to 20 in this work and M index is the average MSF value across the frequency range of
interest. The phase similarity is calculated as

argH(f) = ϕy(f)− ϕx(f) (11)

τ(f) =
1

2π

d argH(f)

df
(12)

Sβ(f) = 1− tanh

(
ln 3

2

|τ(f)|
β

)
(13)

S index =
1

f2 − f1

∫ f2

f1

Sβ(f)df (14)

where ϕx and ϕy are the phase of the FRFs X and Y and β is a scaling factor set to 1 for this work. The combined mean
magnitude and shape similarity metric MSSF is

MS index = wm(M index) + ws(S index) (15)

where wm and ws are weighting factors such that wm + ws = 1. Only equal weighting is analyzed in this work.
The frequency window being used has been shown to influence model updating results when using single-number FRF

similarity metrics [12]. In light of this concern, a windowed approach was developed where the frequency range of interest
was subdivided into between one and ten sections which are each analyzed separately by the optimization process. Before
optimization the experimental data is decimated and filtered using the Savitzky–Golay technique. The result of this numerical
analysis setup is a set of EJR material properties that vary as a function of frequency which can be easily added to any
commercial finite element software to model joints using beam elements.

Results

The aim of this work is to develop a computationally inexpensive joint modeling technique that yields acceptable results for
applications where joints are not subject to high enough loads to induce highly nonlinear behavior. For comparison, a Euler-
Bernoulli element model, a Timoshenko element model, and a solid element model were evaluated using known material
properties. The properties applicable to the test specimen used are η = 0.005, E = 200E9 Pa, and ρ = 7800 kg/m3, these
properties are also assigned to the non-jointed region during EJR optimization. The Euler-Bernoulli and Timoshenko models
are that of a monolithic beam with geometry equivalent to the BRB. The solid element model was developed in Abaqus
following standard practices for joint modeling outlined in [13]. All geometry of the beams and bolts are modeled explicitly,
the surface contact between beams and between washers is modeled explicitly, loading is applied internal to the bolts, and
friction is modeled using a penalty formulation. As seen in the upper plot in Figure 4, agreement of all nominal models
is poor when compared to experimental data and this comes at a computational cost of 7.83 minutes for the solid element
model, 10 seconds for the Timoshenko model, and 0.055 seconds for the Euler-Bernoulli model. The EJR method, pictured
in the lower plot of Figure 4, shows notably better agreement with the significant features of the experimental FRF. Because
the optimized EJR model uses only Euler-Bernoulli elements, it also takes 0.055 seconds to run. The EJR optimization
process that updated the nominal Euler-Bernoulli model takes 13.52 seconds.
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Fig. 4 Comparison of nominal FE models with EJR method optimization results. Solid element simulation run in Abaqus
using explicitly modeled joint geometry, contact interactions, and bolt forces. MSSF similarity metric, bolt tightening order
3-2-1.

The effect of different FRF similarity metrics was also considered. With the exception of the RMSPE and FRFSF metrics,
all considered similarity metrics performed well. Figure 5 shows the optimized EJR models generated using the eight simi-
larity metrics analyzed in this work. The optimal number of frequency window divisions depended on the similarity metric
but for the ILR2, FRAC, MFRAC, CSF, MSF, and MSSF optimized models the highest performing number of windows was
four. The highest performing similarity metric overall was found to be MSSF.

Fig. 5 Performance comparison of FRF similarity metrics, bolt tightening order 3-2-1.

A repeatability study was performed to test the sensitivity of the EJR method to system variability due to assembly
conditions. Experimental data was taken on the same BRB assembled with six bolt tightening orders, as shown in the
upper plot of Figure 6. An EJR optimized model was then generated for each data set, showing minor sensitivity to joint
repeatability. The lower plot of Figure 6 shows the EJR model results corresponding to each bolt tightening order.

Because four windows were used to update the models shown in the previous figures, the EJR properties vary as a
function of frequency. Figure 7 shows the variation in properties in the different frequency windows used for optimization.
The upper and lower bounds of each variable available to the particle swarm optimization algorithm are shown by the
vertical axis limits of each plot. While many of these results are non-physical, the resulting FRF is in good agreement with
experimental data. The MSSF similarity metric between the EJR models and experimental data in Figure 6 ranges from
0.924 to 0.967 (its maximum value is 1). One of the inherent limitations of beam elements is their lower performance at
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Fig. 6 Comparison of experimental data and optimization results for six bolt tightening orders, MSSF similarity metric.

Fig. 7 Comparison of EJR properties across six bolt tightening orders, frequency range divided into four windows, MSSF
similarity metric.

higher frequencies, the optimization process was required to compensate for this which likely contributed to the prediction
of non-physical properties.

Conclusion

A method for modeling joints using inexpensive element formulations was developed and demonstrated to have good perfor-
mance in the case of the BRB benchmark structure. A 99.988% reduction in computation time was achieved when compared
to standard practice solid element joint modeling with better agreement to experimental data. The EJR method was shown to
have low sensitivity to joint non-repeatability and similarity metric cost function formulation for optimization. The perfor-
mance of various FRF similarity metrics for model updating in joints was also explored. In comparison to previous model
updating techniques that parameterize joints, the EJR method can be applied in any commercial finite element modeling
package which gives it the potential to be a powerful and accessible tool for modeling the dynamic response of jointed
structures. Further research into the methods developed by this work must be done to validate EJR models against a structure
containing many joints. Improvements in property physicality can likely be made by further dividing the EJR elements into
bolt regions and non-bolt regions. Additionally, generalization of the EJR method to more than just Euler-Bernoulli beam
elements is a necessary step in creating a complete method of analysis for real-world structures.
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Chapter 19Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Design of a Tuned Vibration Absorber with Friction Contact
for High Location Ratio Application

Matthew W. Hancock, Nathan P. Lovell, Yusuf R. Shehata, Keegan J. Moore, Bogdan I. Epureanu, Thomas N.
Thompson, and Sean T. Kelly

Abstract Tuned vibration absorbers (TVAs) are passive devices commonly used to reduce the vibration amplitude of a host
structure subject to harmonic excitations. These devices are designed so that vibration energy flows from the host struc-
ture to the TVA, which dissipates that energy using linear damping mechanisms. However, devices using nonlinear energy
dissipation methods, such as friction-enhanced TVAs, have recently been explored. Additionally, it is desirable to place a
TVA on the host structure where large vibration amplitudes occur, but this is often not feasible in practice. The ratio of the
amplitudes of a high-vibration-amplitude area to a low-vibration-amplitude area is referred to as the location ratio (LR).
Careful tuning of the TVA is critical to ensure effective energy absorption, especially when the TVA is placed in a high-
LR area. This paper presents a case study of a novel TVA design that is optimized for high-LR applications and utilizes
nonlinear friction contacts to dissipate energy. The host structure analyzed is the Box Assembly (BA), an experimental
structure previously analyzed for vibration testing. A finite element model of the BA, validated by experimental ping tests,
is considered, and a target mode of the BA is selected for TVA design. Simulations are performed to illustrate the effec-
tiveness of the TVA in a high-LR application by varying linear system parameters. The effects of TVA nonlinear friction
damping on the vibration amplitude reduction are also investigated. From these simulations, TVA design considerations are
suggested.

Keywords Tuned Vibration Absorber · Friction · Location Ratio · Nonlinear Dynamics · Vibrations

Introduction

Large vibration amplitudes in structures subject to harmonic excitations can increase risk of high cycle fatigue and failure,
especially when the structure’s operating and natural frequencies coincide. For such systems, vibration suppression is critical
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to the health of structural components that experience cyclical loading. A common solution for vibration reduction is to
introduce a tuned vibration absorber (TVA), a linear, passive device designed to reduce the amplitude of vibration of a host
structure subject to harmonic excitation. The TVA (also referred to as a tuned mass damper, or TMD) is tuned to target a
specific frequency of interest, usually a natural frequency at which unwanted vibration amplitudes are experienced by the
host. TVAs are typically less than 5% of the mass of the host structure [1], and can vary based on the application, placement,
and host structure geometry, among other factors. A typical TVA absorbs the host’s vibration energy by transferring that
energy to an external mass, causing it to oscillate. As a result of this energy transfer, the TVA mass can have a relatively high
response amplitude while the host’s vibration is reduced.

Because of their ability to effectively mitigate unwanted vibrations, there are a myriad of applications in which TVAs
have been applied across civil [1, 2], mechanical [2], and aerospace fields [3–6]. For example, skyscrapers using TVAs
include the John Hancock Tower in Boston and the Citicorp Center in Manhattan [1]. In these structures, one or more TVAs
are installed on the upper floors of the building to dissipate energy and reduce building response due to wind loads. An
example of a mechanical application of TVAs is in pipelines above the arctic circle, in which wind loads and the associated
vortex shedding can excite vibration modes of the pipelines [2]. In this example, TVAs have been installed on each span of
the pipe to prevent fatigue cracking at the pipe joints. Another example is that presented by Aksoy et al. in which a TVA
was designed to reduce vibrations of an air vehicle missile launcher [7]. Being so common, the linear dynamics of TVA-host
systems have been studied extensively, and TVA theory is well known [1].

Recently, work has been conducted to increase the effectiveness of TVAs by incorporating nonlinear energy dissipation
methods, such as friction [3, 8–12] and impacts [3, 8, 9, 12]. These methods have been shown to provide significant vi-
bration reduction; however, introducing nonlinearity presents additional challenges and computational effort with respect
to modeling and tuning to the resonant frequency of interest. In particular, frictional nonlinearities arise from transitions
between a “stuck” state, in which there is no relative motion between friction contacts, and a “slip” or “sliding” state, in
which contacts are moving freely with respect to each other. As a result, relative to linear TVA dynamics, predicting the
response of such designs is more challenging. Many “friction-enhanced” TVA designs have been developed [10–14], with
their associated modeling and experimental difficulties having been studied extensively in literature [15, 16]. Despite the ad-
ditional modeling challenges, introducing nonlinear energy dissipation methods can provide additional vibration reduction
in to-be-discussed scenarios where a linear TVA is insufficient.

Another important factor that affects TVA effectiveness is the location at which the TVA is placed on the host struc-
ture. It is typically desirable to place a TVA at the location of highest vibration amplitude on the host; this positioning can
best facilitate energy flow from the host structure into the TVA to be dissipated. However, in many cases, it is not feasi-
ble to place the TVA at these high-amplitude locations, so the TVA must be designed to be effective at a low-amplitude
location on the host structure. Location ratio (LR) is a metric that quantifies this amplitude difference, defined as the ratio
of the highest vibration amplitude on the host structure to the amplitude at the mounting location of the TVA. This met-
ric has been considered in previous work by Lupini et al. [5] and Mitra et al. [17]. At the location of highest amplitude,
the LR is equal to one, and increases as the TVA is moved to areas of lower vibration amplitude. High-LR areas on a
structure are areas of relatively low vibration amplitude, meaning less kinetic energy can be transferred to a TVA at this
location. An example of a high-LR application is a ring damper designed for a turbomachinery blisk, like that in Refs.
[3, 18, 19]. Blisks are rotating, fanlike structures used in modern turbomachinery whose service environment and inherent
mistuning (i.e., deviations from nominal geometry and material properties) can create damaging vibration-induced stresses
that may lead to high cycle fatigue failure. It is not feasible to mount a TVA at the tips of the blades where the highest
vibration amplitude often occurs; doing so would interfere with the fluid flow, and thus lower engine performance. There-
fore, it is necessary to mount the TVA in the disk portion of the blisk, where the LR is high. TVAs for this application
have been designed and simulated by Lupini et al. [4, 19] and Cimpuieru et al. [3, 8, 9] which have yielded promising
results.

Although effective TVA designs have been produced for high-LR applications, even those which include nonlinear
energy dissipation methods, these designs primarily target a niche application in their respective field. Given that these
designs have proven promising, a flexible, generalized set of design guidelines would be useful in helping designers develop
effective friction-enhanced TVAs for other structures. As such, this paper presents a set of design considerations for friction-
enhanced TVAs for high-LR placement. This paper describes the design of a friction-enhanced TVA for application on a
simple host structure, known as the Box Assembly (BA). First, a brief overview of TVA theory is presented. Second, the
process of creating and validating a finite element (FE) model of the BA is described. Third, a directional study considering a
single-degree-of-freedom (SDoF) TVA is conducted using a reduced-order model (ROM) of the BA. Fourth, the TVA design
process is discussed, and the final TVA design used for the BA is presented. Fifth, multiple BA-TVA systems are simulated
with and without including nonlinear friction contacts considering various TVA attachment locations. The paper concludes
with a discussion of the simulation results and design considerations that can be drawn from this study.
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Methods

This section begins with a discussion of relevant theory concerning host-TVA systems, followed by the methods used for
TVA design. First, an FE model of the host structure, i.e., the BA, was created and calibrated using experimental frequency
response functions (FRFs) extracted from ping testing. Second, a reduced-order model (ROM) of the BA was created and
used for an initial SDoF TVA directional analysis. Third, the TVA was designed and combined with the BA to form multiple
BA-TVA FE models considering various TVA attachment locations. Fourth, the BA-TVA combined systems were simulated
with and without friction. The results of these simulations informed the tuning of the TVA, making this step iterative. Finally,
the results of the simulations with the tuned TVA led to the results and conclusions. This TVA design workflow is portrayed
in Fig. 1.

Fig. 1 TVA design workflow.

Theory
The linear equations of motion (EoMs) for a host structure combined with a TVA are given as:

Mẍ+Cẋ+Kx = fE (1)

where fE is the external forcing vector, ẍ, ẋ, and x are the system response vectors in terms of physical acceleration, ve-
locity, and displacement, respectively, and M , C, and K are the system mass, damping, and stiffness matrices, respectively.
For an elastically coupled host-TVA system, M and K have the general form:

M =

[
Mhost 0

0 MTV A

]
; K =

[
Khost Kc

KT
c KTV A

]
(2)

where Mhost and Khost correspond to the host structure alone, MTV A and KTV A the TVA alone, and Kc the linear
elastic coupling between host and TVA. For the applications considered in this work, the external forcing is assumed to be

harmonic, and can be defined as fE = f̂Ee
iωt

, where f̂E is the complex forcing in the frequency domain, i =
√
−1, ω

is the forcing frequency in rad/s, and t is time. Accordingly, for the linear EoMs in Eq. (1), a harmonic input force yields
a harmonic response of the form x = x̂eiωt, where x̂ is the complex response in the frequency domain. Substituting these
terms into Eq. (1) yields the frequency-domain EoMs:[

−ω2M + iωC +K
]
x̂ = f̂E (3)

For the host structure considered in this work, while the model fidelity is such that Eq. (3) could be solved directly
in system coordinates without significant computational cost, when nonlinearities are introduced, these equations become
prohibitive to solve. Thus, to reduce computational cost, the system matrices are reduced using Craig-Chang component
mode synthesis (CC-CMS) [20] with a Galerkin projection scheme. Reduced mass, damping, and stiffness matrices are
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denoted as M̃ , C̃ , and K̃, respectively, along with reduced frequency-domain forcing ̂̃
fE and responses ̂̃x, where ̂̃x

contains master (i.e., retained) degrees of freedom (DoFs), ̂̃xm, and secondary DoFs, ̂̃xs. In addition, damping for this
system is approximated using Rayleigh damping, where the damping matrix C̃ (and C) is assumed proportional to the
mass matrix such that C̃ = αM̃ . The Rayleigh damping coefficient α is related to the modal damping ratio, ζ, by Eq. (4):

ζ =
α

2ω
(4)

For this work, α is assumed to be constant for all frequencies. Using the natural frequency for the host structure’s targeted
mode (here, the fundamental mode) ω1 and experimentally measured damping, ζexp, yields Eq. (5):

α = 2ζexpω1 (5)

Using this definition of C̃ , Eq. (3) can be rewritten in terms of reduced quantities as:[(
−ω2 + iωα

)
M̃ + K̃

] ̂̃x =
̂̃
fE (6)

All linear simulations to follow involve solving Eq. (6) (using MATLAB’s mldivide function) considering ω values in
a frequency range of interest. When a nonlinear force such as friction is added to the system, an additional term, fNL, is
included in the system-level EoMs in Eq. (1) to give:

Mẍ+Cẋ+Kx = fE + fNL(x, ẋ) (7)

Again, the damping matrix is assumed as C = αM . Additionally, CC-CMS is used, where all DoFs at nodes that: 1)
have non-zero nonlinear friction contact forces, 2) are response DoFs, and/or 3) have non-zero applied external forces are
included in xm. For this work and adopting notation from Ref. [21], it is assumed that the friction force fNL is represented
by dry Coulomb friction characterized by a signum function, which is approximated with a hyperbolic tangent function as:

fNL (xm, ẋm) ≈
∑
e
weµNtanh

(
ẋm,e

ϵ

)
(8)

where e is a summation index/identifier for a nonlinear DoF contact pair, we is a vector with a single +1 and −1 at indices
of the contact pair DoFs for nonlinear element e and zeros elsewhere, ẋm,e is the relative velocity between the contact pair e
DoFs (always a scalar), and ϵ is a regularization coefficient dictating the sharpness of the hyperbolic tangent function’s tran-
sition. ϵ can be modified to aid in computation and soften the set of equations, with smaller ϵ yielding closer approximations
to the signum function [21]. While µ, N , and ϵ can be chosen to be dependent on e, for this work in which only a single
friction contact pair is considered for all nonlinear simulations (i.e., max e= 1), this was not applicable. Substituting Eq. (8)
into Eq. (7) and using CC-CMS reduced-order quantities yields:

M̃ ¨̃x+ αM̃ ˙̃x+ K̃x̃ = f̃E +
∑
e
w̃eµNtanh

( ˙̃xm,e

ϵ

)
(9)

Note that any non-zero entries in w̃e are associated with master DoFs, with zeros for all secondary DoFs for all e.
Similarly, retained DoFs are chosen such that the relative velocity ˙̃xm,e will only be between master DoFs for all e. The
nonlinear simulations to follow involve solving Eq. (9) in the time domain using the first-order, state space form given by:

[
ẋ
ẏ

]
=

 y

M̃
−1

(
f̃E − K̃x− αM̃y +

∑
e
w̃eµNtanh

(ym,e

ϵ

))  (10)

where x and y in Eq. (10) are general state variables still considering the reduced-order coordinates, and ym,e still represents
the relative velocity between the retained DoFs of contact pair e. Because steady-state response amplitudes are sought for all
nonlinear FRFs, Eq. (10) is simulated for enough time steps to ensure convergence to a steady-state response for a given ω.

Model Creation and Validation
Before beginning the TVA design process, a model of the host structure, i.e., the BA, was needed. Though previous models of
the BA have been created using nominal dimensions [22], it was found that the measured dimensions of the BA considered
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in this study varied from the nominal. Therefore, the FE model created for this study considered measured dimensions,
with significant dimensions shown in Fig. 2. For this work, all high-fidelity models and ROM matrices were created using
Abaqus/CAE 2023 software. A mesh convergence study was completed to: 1) ensure modal analysis results (i.e., natural
frequencies) were converged, and 2) choose a practical seed size to reduce the computational effort of any high-fidelity
simulations and ROM matrix generation. It was determined that a 3 mm seed size using quadratic elements yielding a mode
1 natural frequency of 82.38 Hz was sufficient. Note that this was only for initial model development.

Fig. 2 BA with measured dimensions shown.

Fig. 3 Ping test experimental setup with BA
suspended using rubber bands, fishing line, and
an aluminum frame. Accelerometer not shown.

Because TVA effectiveness is highly dependent on the target mode,
particularly for a structure with low inherent damping such as the BA,
it is critical that the FE model accurately represent the as-manufactured
BA with respect to: 1) the target mode’s natural frequency and damping,
and 2) the FRF response amplitude at and around the targeted mode. For
reasons discussed in later sections, mode 1 was chosen as the target mode
for this study. As such, identification of the natural frequency and damping
of mode 1 was of greatest interest.

A series of ping tests (i.e., impact or hammer tests) were conducted
on the BA to experimentally determine the mode 1 damping ratio and first
four natural frequencies. For this study, free-free boundaries were consid-
ered. Thus, to mitigate any external interference and approximate a free-
free boundary condition, the BA was suspended in such a way as to re-
duce interference and friction at attachment points. As shown in Fig. 3,
this low-interference suspension system was achieved using an aluminum
box frame, from which fishing line (South Bend M1420 Monofilament
Line) connected to rubber bands (Pale Crepe Gold) held the BA aloft in
the center of the frame. Fishing line was used to reduce friction at suspen-
sion points, and the flexibility of the rubber bands ensured that the tensile
forces from the fishing line had a negligible effect on the dynamics of the
system.

The hammer impact location and the placement location and orien-
tation of a single-axis accelerometer were varied across seven ping tests
to test the sensitivity of the BA’s response to these variables. Additionally,
the angle at which the BA was suspended from the fishing line attachments
was varied for this same purpose. It was found that the measured natural
frequencies varied negligibly across all hammer impact and accelerome-
ter locations and suspension configurations. The average measured natural
frequency of mode 1 was 83.25 Hz, and all measurements were within
0.1% of that value.

Initially, the average measured mode 1 natural frequency differed from
the predicted mode 1 natural frequency from the FE model (82.38 Hz) by
0.87 Hz, a 1.05% error. Although this error is appreciably low, due to the
BA’s low inherent damping, an error of less than 0.50% was desired to
consider the model acceptable for this study. Therefore, further model re-
finement was necessary. Three parameters – Young’s modulus, mass den-
sity, and geometry – were considered for the purpose of refining the FE
model to more closely match the experimentally measured mode 1 natural
frequency. Because the mass density and geometry were based on exper-
imental measurements, Young’s modulus was modified uniformly across
the BA. It was found that increasing the Young’s modulus by 1.42% (from
69×109 Pa to 70×109 Pa) yielded a mode 1 natural frequency of 82.96 Hz, reducing the error to an acceptable 0.35%.

With the model geometry and targeted mode 1 natural frequency calibrated, the final model calibration step was to match
the experimental and BA ROM FRFs (ROM details are discussed shortly), specifically around the mode 1 natural frequency.
In this work, FRFs are defined as the displacement magnitude of the x-DoF at node 1 divided by the external forcing
magnitude (here, the terms magnitude and amplitude are used interchangeably, both referring to the peak-to-peak amplitude
divided by 2). Calibrating the ROM FRF was achieved by modifying the mass proportional Rayleigh damping coefficient α,
initially estimated as 0.4 rad/s for ζexp ≈ 0.0004 obtained for mode 1 using the half-power method. After reducing α to 0.31
rad/s, the BA ROM FRF magnitude was approximately 0.015 m/N at the mode 1 resonance, corresponding to ζ ≈ 0.0003
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(or 0.03%). Figure 4 shows strong agreement around the mode 1 natural frequency between the calibrated BA ROM FRF
and a representative experimental FRF. While experimental ζ estimates can provide initial estimates of α using Eq. (5), for
an isolated target mode like that considered here and for host structures with low inherent damping, small modifications like
those done in this work are still likely necessary. Figure 5 shows the shape of mode 1 from the calibrated FE model, which
exhibits an opening-closing motion with much of the displacement occurring in the x-y plane.

Fig. 4 Comparison of FRFs from the calibrated BA
ROM and a representative ping test with first three
modes indicated.

In summary, after calibration, the three quantities of interest –
natural frequency, damping, and FRF magnitude – were in agree-
ment between the experiment and BA ROM for mode 1. It is im-
portant to note that while this FE model of the BA may not be valid
for other studies, applications, or higher-order modes, this study
is only concerned with the behavior of the BA at frequencies at
or near the natural frequency of mode 1. Thus, this FE model was
considered valid for the purposes of this study.

For all high-fidelity FE models (with or without a TVA), CC-
CMS reduced-order mass and stiffness matrices were generated
within Abaqus/CAE and exported to be processed in MATLAB.
For the BA alone, master DoFs included all DoFs at all considered
TVA placement locations (see Fig. 6). This ROM was used for the
model calibration and included 5 retained nodes with 3 transla-
tional DoFs each as master DoFs, and 14 secondary (modal) DoFs.
The locations of the retained nodes were selected to represent a
range of LRs for mode 1 and are shown in Fig. 6. These nodes
(node 1 – node 5) are the considered TVA attachment locations
and will be referred to throughout the remainder of this work. For
combined BA-TVA systems, master DoFs included all DoFs at forcing and response nodes and all DoFs for nodes included
in the friction contact.

Fig. 5 Mode 1 of calibrated BA FE model. Green represents locations with little to no displacement magnitude, while red
and blue represent large positive and negative displacement magnitudes, respectively.

Location Ratio
At a given excitation frequency, the LR for node i is defined in Eq. (11), where the total displacement magnitude at node
1 is divided by the displacement magnitude at node i. Note that the LR can also be calculated using the mode shape alone,
which, because mode 1 is significantly isolated from all other modes, is almost identical.

LRi =
∥x1∥2
∥xi∥2

(11)

Node 1 was chosen as the reference node for calculating LR because that is where the maximum deflection was observed
for the considered harmonic forcing (applied in the x-direction at node 1). The LR of each considered node is shown
in Fig. 6.
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Fig. 6 The 5 nodes considered for TVA placement
with respective location ratios (* indicates node on
backside relative to view shown).

Fig. 7 Effect of SDoF TVA oscillation direction at
each considered node on BA peak reduction.

SDoF TVA Directional Analysis

Before performing any high-fidelity TVA design, a series of linear
simulations were conducted to determine the effect of the oscillation
direction on TVA effectiveness. Knowing which TVA oscillation di-
rection (at each node) has the greatest effect on host response ampli-
tude can aid design efforts and inform understanding of the energy
transfer from the host structure. For these simulations, the reduced-
order mass and stiffness matrices were augmented to be of the form
shown in Eq. (2) by independently including a SDoF oscillator along
each DoF for all nodes shown in Fig. 6, yielding 15 BA-SDoF-TVA
systems (5 nodes with 3 DoFs each). These augmented mass and
stiffness matrices were used to compute linear FRFs for each BA-
SDoF-TVA system. This allowed for the study of linear TVA ef-
fectiveness across different TVA placements and orientations with a
simple, computationally efficient system.

Because the TVA is modeled as a base-excited SDoF oscillator,
it is most excited when the base vibrates in the same direction as the
oscillator (i.e., when the SDoF TVA direction and predominant host
motion at the attachment location are aligned). Considering a har-
monic forcing excitation in the x-direction at node 1, Fig. 7 shows
the effect of changing the SDoF TVA’s oscillation direction on the
peak magnitude reduction of the BA FRF when targeting mode 1
(response reduction is considered for the x-DoF FRF at node 1).
Peak magnitude reduction refers to the percent decrease in maximum
magnitude across all frequencies in the FRF. The frequency range
considered for calculating quantities in Fig. 7 was 65 to 105 Hz. It
can be seen in Fig. 7 that a TVA aligned in the x-direction has the
greatest reduction at nodes 1 – 4, but alignment in the y-direction has
the greatest reduction at node 5. Based on the mode shape in Fig. 5
(and because this mode is isolated as shown in Fig. 4), these results
are intuitive given that the forced response deflection shape in this
frequency range will be significantly dominated by mode 1. How-
ever, for a host structure with a more complex dynamic response,
this may not be as evident, and performing this initial study provides
a quantitative estimate of TVA directional effectiveness to inform the design process. Additionally, one may consider a local
coordinate system that better aligns with dominate motions at candidate nodes.

One can also include a friction contact between the BA and SDoF TVA to study the effect of friction on SDoF TVA
performance as a function of location and orientation. Though nonlinear analyses for BA-SDoF-TVA systems are not shown
for brevity, such simulations can be useful to provide an estimate of nonlinear effectiveness.

TVA Design

To conduct the presented linear and nonlinear parametric studies, a novel TVA for the BA was designed. The TVA had to
meet several criteria to be applicable for this study including: 1) a dominant oscillation direction, 2) predictable oscillatory
behavior, 3) ease of manufacturing and repairability, 4) a predictable point of friction contact, and 5) tunability with respect
to linear and nonlinear behavior. This section discusses the latter portions of the workflow presented in Fig. 1, particularly the
iterative TVA design process. Included are notes of design concepts that were not selected for the final model but may be of
interest when designing for different host structures and applications. For reference, Fig. 8a displays the detailed model of the
TVA design. For the purpose of focusing this study’s scope to nonlinear friction contact effects, this model was defeatured,
as shown in Fig. 8b, and potential complexities due to nonlinear geometric and fastener physics ignored.

The first design aspect considered was the mechanical apparatus used for oscillation. Apparatuses considered include
strings, a cylindrical cantilever beam, a mass-loaded spring, and a rectangular fixed-fixed flexure. The rectangular fixed-
fixed flexure was ultimately chosen due to: 1) potential for high discrepancy in moments of inertia between its primary
dimensions, 2) approximately linear dynamics assuming fixed bolted connections and relatively small displacements, and
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Fig. 8 (a) Detailed model and (b) defeatured model of TVA design.

3) relative manufacturing ease. Additionally, a fixed-fixed flexure, along with the threaded rod, eliminates any reliance on
gravity to induce a normal load for a friction contact and can minimize any gravitational effects with well-chosen moments
of inertia. This allows the TVA to be oriented in different directions, a need clearly demonstrated by the directional study in
the SDoF TVA Directional Analysis section (see Fig. 7). Originally, the TVA was designed as a single flexure with a mass
in the center. However, the single flexure design saw undesired torsional modes that were too easily excited; the solution to
this issue is discussed below.

Next, the friction contact was considered. Initial design concepts included friction contact with the surface of the BA
itself, but this would prove difficult in controlling the normal force while also potentially being an undesired source of wear
on the host structure. Instead, the TVA was designed to include a built-in “friction wall” (see Fig. 8) to serve as the contact
surface for nonlinear energy dissipation, making the friction contact surfaces independent of the host structure attachment.
Degradation of the TVA is preferable to damage of the host structure, as oftentimes replacing the TVA is much less costly
than repairing or replacing the host structure. Furthermore, the nature of the contact required careful handling in terms of
simulation and practical considerations; the options lied between emulating surface-to-surface contact or point-to-surface
contact (edge-to-surface contact, though plausible, was not considered in this design). Surface-to-surface contact emulation
(e.g., a flat face rubbing on the friction wall) came with the benefit of providing a counteracting moment force (between
the mass and friction wall) to prevent the excitation of torsional modes. However, it is this reactionary moment that raised
a concern of uneven pressure distribution at the point of contact. Furthermore, true surface-to-surface contact is often not
realized in practice due to inherent variabilities in the contact surfaces. To mitigate this issue, a second fixed-fixed flexure
of equal length and thickness was introduced similar to that presented in [23]. This had the effect of greatly increasing the
torsional stiffness to minimize the potential for undesired torsional oscillation. From here, the design settled on a point-
to-surface contact which was emulated through contact between a rounded end and the friction wall. For the rounded end,
several configurations were considered, including a carriage bolt head (like in Lupini et al. [5]), a round-end ball screw, and
acorn nut attached to a threaded rod. All of these components are readily available for purchase from retail providers, an
important aspect for minimizing manufacturing costs. The acorn nut and threaded rod were ultimately chosen due to their
tunability and repairability with respect to both linear and nonlinear system properties.

The last consideration in the design process was the tunability of the TVA. This refers to the ease in which the TVA
parameters can be adjusted to affect its target natural frequency and response amplitude. For the TVA in Fig. 8, the main
factors affecting the natural frequency are the flexure stiffness, mass properties, and geometry. The factors affecting the
frictional force are the normal force applied at the point of contact and the friction coefficient between the surfaces. Designing
the TVA to include adjustable flexure stiffness was deemed impractical. Instead, the flexures’ length and thickness were
chosen to result in a TVA natural frequency that was reasonably close to the target mode; these parameters remained constant.
Additionally, the threaded rod comes with the capability to thread on additional mass at the end not in contact with the friction
wall, as well as allow for an adjustable applied normal force. Lastly, the acorn nut is not only replaceable, but its material
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can be changed to modify the friction coefficient between itself and the friction wall. Were this design to be used in practice,
it is recommended that that the acorn nut be the softer of the two materials so that it experiences the majority of the wear, as
an acorn nut is more easily replaced.

Fig. 9 “Dead mass” vs. “oscillating mass”.

Another important aspect of the TVA is its mass distribution, namely
between the “oscillating mass” and the “dead mass” (see Fig. 9). The term
“dead mass” is used to define the mass of the TVA which is not contributing
to energy dissipation and primarily moves as a rigid body with the host
structure. The dead mass typically consists of the hardware used to attach
the TVA to the host, though in this study also includes the friction wall and
mounts. The mounts consist of blocks with enough bending stiffness to
act as fixed ends for the flexures, and in a physical realization of the TVA
would be bolted to the host structure. Conversely, oscillating mass is mass
whose motion is caused by absorption of energy from the host. Together
these two masses make up the total mass of the TVA.

This design can be analytically approximated as two fixed-fixed beams
acting in parallel. Being able to predict the natural frequency of one’s TVA
is important in expediting the design process and verifying computational
results. The analytical approximation of this TVA’s fundamental frequency
f1, while not exact due to assumptions and simplifications needed for an-
alytical formulation, is given in Eq. (12) as:

f1 =
1

2π

√
384EI

L3m
(12)

with E, I , and L referring to Young’s modulus, area moment of inertia (for configuration shown in Fig. 9, about axis in same
direction as the global y-axis), and length (not including the portion attached to the oscillating block) of a single flexure,
respectively, and m referring to the mass of the oscillating block. Using parameter values from one of the studied TVA
configurations (e.g., E = 69×109 Pa, I = 1.56×10−14 m4, L = 0.05 m, and m = 0.0115 kg), Eq. (12) gives an estimated
frequency of 85.34 Hz. The derivation of Eq. (12) is provided in the Appendix. For designs that closely resemble simple beam
structures with or without attachments that approximate point masses, analogous analytical equations are recommended to
be used initially to provide estimates informing configuration feasibility and design parameters.

As mentioned previously, the design process was iterative. While the goal was to create a TVA that was applicable to the
BA, the design process was also intended to include steps that could be applied more generally for TVA design. Important
considerations realized throughout the process are noted and discussed in the Discussion section.

Combined BA-TVA Systems and TVA Tuning
Once the TVA design was satisfactory, five separate FE models of BA-TVA systems (henceforth referred to as “combined
systems”) were created. In each model, the TVA was mounted at one of the five locations of interest (corresponding to the
five nodes in Fig. 6). Figure 10 shows the five FE models, illustrating the five TVA attachment locations.

Initial linear simulations of the combined-system ROMs showed that the TVA split the resonant frequency into an upper
peak and a lower peak, as is expected of a well-designed TVA [1]. However, the TVA’s effectiveness varies with the tuning
of the linear parameters, and thus an optimal tuning had to be found for each attachment location. “Optimal tuning” varies
greatly by application; some designers may value how far the new FRF peaks are moved from the original resonance, while
others might place greater weight on amplitude reduction.

For this study, two metrics were defined to quantify the performance of the TVA. The first metric, called Peak Split
Factor (PSF), quantifies how symmetrically split the two peaks are around the original natural frequency. PSF is defined as:

PSF =
ω0 − ωlower

ωupper − ωlower
(13)

where ω0 is the original target natural frequency of the BA alone, and ωupper and ωlower refer to the combined system’s
upper and lower natural frequencies, respectively. A PSF value can range from 0 to 1, where a value of 0.5 indicates a
perfectly symmetric split. Values lower than 0.5 indicate that the lower peak is closer to the original resonance than the
upper peak, and values higher than 0.5 indicate the opposite. Values out of this 0 to 1 range indicate that both peaks are
either above or below the original target resonant frequency, making the metric inapplicable. For some applications, it is
desirable to have the two peaks as far from the target resonance as possible (i.e., equidistant from the target resonance). For
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Fig. 10 From top left – BA model with five nodes of interest (* indicates node on backside relative to view shown), the
combined model with the TVA at nodes 1 and 2. From bottom left – the combined models with the TVA at nodes 3, 4, and
5. Different colored TVA mass blocks represent different material densities.

example, consider a scenario where the operational environment is predicted to induce a narrowband harmonic forcing with
a frequency of ±1.0 Hz around a host structure’s original natural frequency, and a TVA can create a maximum of a 3.0 Hz
split between the new natural frequencies. In this case, an effective peak split would result in the new natural frequencies
being symmetrically spaced to provide a 0.5 Hz tolerance on both sides of the forcing frequency band. In this example, a
symmetric split leads to the lowest risk of resonating at the new natural frequencies.

In this study, it was initially assumed that an optimally tuned TVA was one which prioritized PSF. For this work, if a PSF
value between 0.45 and 0.55 could be achieved, the TVA designed was considered tuned for that specific placement location.
As will be discussed in the Results section, this tuning scheme was found to be adequate when the TVA was placed at nodes
1, 2, and 3 (i.e., low LRs). However, this was not the case for nodes 4 and 5 (i.e., high LRs). For an application where the
applied harmonic forcing has a frequency band greater than the split achievable by the TVA, the host structure could still
resonate at one of the new natural frequencies, potentially damaging the structure. As a result, a second tuning iteration was
conducted for nodes 4 and 5 using a new performance metric, called Peak Reduction (PR). PR is defined as:

PR =
max (Y0 (ω)) −max (Y (ω))

max (Y0 (ω))
· 100 (14)

where max (Y0 (ω)) is the maximum response amplitude of the BA alone and max (Y (ω)) the maximum response amplitude
of the combined system, both over the entire frequency range of interest. PR quantifies the response amplitude reduction due
to the addition of the linear TVA, regardless of the shift in natural frequencies of the new resonant peaks. Higher values of
PR correspond to greater amplitude reductions for the host structure, and therefore indicate greater TVA effectiveness. A PR
greater than 45% was considered adequate for this tuning iteration.

As mentioned previously, linear tuning of this TVA design is achieved through the addition of mass. In practice, this
would be achieved be screwing an additional mass onto the end of the threaded rod going through the oscillating mass. For
simulation purposes, the density of the mass in the TVA model was adjusted to emulate this additional (or detracted) mass,
rather than adding new geometry to the model. This allowed for mesh consistency across all simulations while performing
linear tuning iterations, in addition to avoiding: 1) potential computational discrepancies due to mesh regeneration, and 2)
time needed for remeshing. Table 1 shows the mass densities of the oscillating mass used at each considered node/attachment
location for both tuning iterations along with their resulting PSF and PR values.

In total, seven combined system FE models were created (five tuned for PSF, and two tuned for PR considering node 4 and
5 attachment locations specifically), and CC-CMS reduced-order mass and stiffness matrices were extracted for each model.
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Table 1 Densities of oscillating mass and equivalent added mass after tuning the TVA for each node/attachment location,
with resulting PSF and PR values.
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correspond to greater amplitude reductions for the host structure, and therefore indicate greater TVA effectiveness. A PR 
greater than 45% was considered adequate for this tuning iteration. 

As mentioned previously, linear tuning of this TVA design is achieved through the addition of mass. In practice, this would 
be achieved be screwing an additional mass onto the end of the threaded rod going through the oscillating mass. For 
simulation purposes, the density of the mass in the TVA model was adjusted to emulate this additional (or detracted) mass, 
rather than adding new geometry to the model. This allowed for mesh consistency across all simulations while performing 
linear tuning iterations, in addition to avoiding: 1) potential computational discrepancies due to mesh regeneration, and 2) 
time needed for remeshing. Table 1 shows the mass densities of the oscillating mass used at each considered node/attachment 
location for both tuning iterations along with their resulting PSF and PR values. 
 
Table 1: Densities of oscillating mass and equivalent added mass after tuning the TVA for each node/attachment location, 
with resulting PSF and PR values 

Target Tuning 
Metric Node 

Density of 
Oscillating 

Mass, [kg/m3] 

Equivalent 
Added Mass, [%] 

Resulting 
PSF 

Resulting 
PR, [%] 

PSF 

1 7800* – 0.477 51.4 

2 8000 2.3 0.452 50.2 

3 8400 6.9 0.456 53.1 

4 8860 12.2 0.487 20.2 

5 9000 13.8 0.458 3.8 
 

PR 
4 8400 6.9 0.033 50.8 

5 8220 4.8 – 48.8 

In total, seven combined system FE models were created (five tuned for PSF, and two tuned for PR considering node 4 and 5 
attachment locations specifically), and CC-CMS reduced-order mass and stiffness matrices were extracted for each model. 
For each ROM, three master nodes (i.e., 9 retained master DoFs) were retained: 1) a response node, which is coincident with 
node 1, and 2) a contact pair of nodes – one on the friction wall and one on the tip of the acorn nut. Because the harmonic 
forcing was applied at the response node in the x-direction (see Fig. 6) for all cases, this minimal set of retained nodes allows 
for: 1) applying the external harmonic force and nonlinear forces directly in the reduced-order space, and 2) calculating 
desired responses without necessitating a projection back to the full-order system coordinates. All linear and nonlinear 
MATLAB simulations of the combined system presented in the Results section were completed using these reduced-order 
matrices for the respective TVA attachment locations and tunings indicated. 

RESULTS 
Linear Simulations 
Linear simulations of the combined system were performed using each of the seven ROMs, and the resulting FRFs are shown 
in Fig. 11 along with the FRF of the BA alone (i.e., no TVA) for comparison. As with the SDoF TVA simulations, the 
harmonic excitation was applied in the x-direction at node 1, and the presented FRFs are for the x-DoF at node 1. 

*Nominal steel density 

For each ROM, three master nodes (i.e., 9 retained master DoFs) were retained: 1) a response node, which is coincident
with node 1, and 2) a contact pair of nodes – one on the friction wall and one on the tip of the acorn nut. Because the
harmonic forcing was applied at the response node in the x-direction (see Fig. 6) for all cases, this minimal set of retained
nodes allows for: 1) applying the external harmonic force and nonlinear forces directly in the reduced-order space, and 2)
calculating desired responses without necessitating a projection back to the full-order system coordinates. All linear and
nonlinear MATLAB simulations of the combined systems presented in the Results section considered these reduced-order
matrices for the respective TVA attachment locations and tunings indicated.

Results

Linear Simulations
Linear simulations of the combined systems were performed using each of the seven ROMs, and the resulting FRFs are
shown in Fig. 11 along with the FRF of the BA alone (i.e., no TVA) for comparison. As with the SDoF TVA simulations, the
harmonic excitation was applied in the x-direction at node 1, and the presented FRFs are for the x-DoF at node 1.

With the linear TVA tuned with respect to PSF, a nearly even split is seen for all five nodes. As the LR increases from
node 1 to node 5, the resulting natural frequencies converge toward that of the BA alone with no TVA, though the two
resulting peaks remain approximately equidistant from the original resonance. For the cases with a TVA attached at nodes 1,
2, and 3, a PR above 50% is achieved. However, for the cases with a TVA attached at nodes 4 and 5 and PSF-based tuning,
peak magnitudes are similar to that of the BA alone, having PRs of 20.2% and 3.8%, respectively. When the TVAs for
these placements were retuned with respect to PR, their resulting FRF peaks were reduced yielding PR values above 48%.
However, their respective PSF values after tuning for PR shifted out of the desired range (0.45 – 0.55) as shown in Table 1.
Because both resulting natural frequencies of the combined system with the TVA placed at node 5 were above the original
target natural frequency ω0, the PSF was not applicable and is thus not reported in Table 1. This phenomenon is discussed
further in the Design Considerations section.

Nonlinear Simulations
The same reduced-order matrices used for linear simulations were also used for all nonlinear simulations, with friction
contact now included between the contact pair DoFs. For all presented nonlinear simulations, the same harmonic excitation
and response DoF as that used for linear simulations is considered. Time series simulations were computed using Eq. (10)
and ode45 in MATLAB for individual excitation frequencies within the frequency range of interest. Steady-state response
amplitudes (peak-to-peak amplitude divided by 2) were calculated for each excitation frequency once response amplitudes
were no longer changing in time, and the results compiled to produce a nonlinear FRF.
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Fig. 11 Linear FRFs of the BA alone and combined systems with TVA attached at the five nodes of interest. PSF-based
tunings are shown for attachment at nodes 1, 2, and 3, and both PSF-based and PR-based tunings are shown for attachment
at nodes 4 and 5.

From linear simulations, the highest achievable peak reduction across all attachment locations was 48.8%; with the
addition of friction, the goal was to attain over 90% PR for each TVA attachment location. Thus, the PR-based TVA tuning
was considered for nonlinear simulations with the TVA attached at nodes 4 and 5. However, as mentioned previously, PSF-
based TVA tuning with the TVA attached at nodes 1, 2, and 3 was sufficient, and thus the PSF-tuned versions of the TVA
were maintained. Nonlinear simulations consisted of varying the value of the dimensionless microslip parameter µN/F ,

Fig. 12 Nonlinear FRFs for friction-enhanced TVA attached at node 1.
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i.e., the ratio of the friction force, µN , to the external forcing amplitude F. For the systems considered here, note that any
combinations of µ, N , and F that yield an identical µN/F will yield the same nonlinear response, regardless of the specific
values of µ, N , and F considered.

Figure 12 shows nonlinear FRFs considering a range of µN/F values for the TVA placed at node 1, and includes the
linear FRFs of the “No TVA” and linear TVA (labeled “Linear (Free)”) shown in Fig. 11 for reference. Figure 12 also
includes the linear “stuck” case (labeled “Linear (Stuck)”), in which µN/F is increased to the point of having no relative
motion between the contact pair (i.e., the entire TVA acts as dead mass). For this TVA placement, a µN/F value of 0.30
attains the maximum PR of 99%.

The focus of this study, however, is the effectiveness of the TVA at high-LR areas, i.e., nodes 4 and 5. TVAs placed
at nodes 2 and 3, being low-LR areas, yielded similar results to those presented for the TVA at node 1 and are therefore

Fig. 13 Nonlinear FRFs for friction-enhanced TVA attached at node 4.

Fig. 14 Nonlinear FRFs for friction-enhanced TVA attached at node 5.



150 Matthew W. Hancock et al.

not shown. The nonlinear and reference linear FRFs for TVA placement at nodes 4 and 5 are shown in Figs. 13 and 14,
respectively.

When the TVA is placed at node 4, a maximum PR of 96.3% is achieved across all µN/F values. When placed at node
5, a maximum PR of 93.3% is achieved. These PR values are achieved for µN/F = 0.20 and µN/F = 0.18, respectively.

Discussion

The linear FRFs in Fig. 11 illustrate important trends as the LR increases. For TVA attachment at nodes 1, 2, and 3 with low
LRs, tuning for either PSF or PR achieves similar results; however, this is not the case for attachment at nodes 4 and 5 with
high LRs. For these TVA attachment locations, there is a dramatic tradeoff between PSF and PR, emphasizing that TVAs
attached at high-LR areas can be much more sensitive to tuning than if attached at low-LRs areas. Choosing the optimal
tuning scheme is an engineering decision informed by the operational environment and host structure limits.

The nonlinear FRFs considering a friction-enhanced TVA in Figs. 12 – 14 show a dramatic increase in reduction for
all attachment locations compared to their respective linear FRFs. For the case of TVA attachment at node 1 (Fig. 12), the
nonlinear maximum PR is 99.0%, a vast improvement over that of the linear TVA (51.4%) and comfortably above the desired
PR of at least 90%. Similar improvements from 50.8% to 96.3% PR for attachment at node 4 (Fig. 13) and 48.8% to 93.3%
PR for attachment at node 5 (Fig. 14) are also achieved. In each case, as µN/F increases, the response of the BA begins to
leave the linear free FRF and converge to the linear stuck FRF. A trend seen for all TVA placement locations was that the
maximum achievable PR tends to occur when the maximum nonlinear response lies at the intersection between the free and
stuck curves. This effect agrees with what has been observed in other studies, such as that by Cimpuieru et al. [3].

Figure 15 shows the maximum PR achieved with and without friction for the PR and PSF tuning schemes, with the five
data points in each curve corresponding to the five TVA placements considered. For values including friction, the plotted PR
values correspond to the greatest PRs achieved for each TVA placement across all simulated µN/F values. Without friction,
the greatest PR achieved across all five placements is 53.2%. By adding friction, a PR greater than 93% was achieved even
at the high-LR placements. As stated previously, this was achieved for PSF-based TVA tuning for placements at nodes 1,
2 and 3, and PR-based TVA tuning for placements at nodes 4 and 5. Figure 15 shows: 1) the improved TVA performance
when including friction, 2) the tradeoff between PSF-based and PR-based tuning at high LRs, and 3) that effective vibration
reduction is achievable when friction contact is introduced, even for high-LR TVA placements.

Fig. 15 Peak reduction vs. location ratio for varying
TVA placement and tuning scheme.

Fig. 16 BA maximum response vs. µN/F for TVA
placement at nodes 1 through 5.

Figure 16 displays the BA maximum response for each considered TVA placement location as a function of µN/F . One
can notice that the curves flatten as the TVA placement moves from node 5 to node 1 (i.e., as the LR decreases). That is, for
TVA placements at low LRs, there is a significantly larger range of µN/F values that achieve a nearly identical reduction
as the µN/F yielding the greatest reduction. This shows that, while dramatic amplitude response reduction is possible
across all LRs, friction contact parameters require more careful tuning to achieve a near-optimal reduction for high-LR TVA
placement. In addition, the optimal µN/F varies slightly across all TVA placement locations, indicating that the optimal
µN/F can depend on LR. These results highlight the importance of having a tunable friction contact, as in practice, some
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iteration is likely needed to achieve optimal, or near optimal, reduction for TVAs placed in a high-LR area.

Design Considerations
Thus far, the presented results have shown agreement with what similar studies in literature have demonstrated – that effective
friction-enhanced TVAs can be designed for high-LR applications. However, the design process described here has yielded
a number of insights into the nature of friction-enhanced TVA design, which could be used to guide future efforts. These
insights have been compiled into the following set of design considerations, with the hope that they will help inform future
TVA design efforts and assist in making strategic design choices.

1. Determine potential TVA attachment locations and evaluate feasibility through a location ratio study.
For the host structure considered in this work, it is relatively easy to see where preferable (low-LR) TVA attachment lo-
cations exist for the targeted mode through visual examination of the mode shape for mode 1. However, this is may not
true for complex structures, and an examination of the displacement amplitudes across the host structure may reveal unex-
pected variations in LR. After an initial computational modal analysis of the BA, it was found that for some mode/node
combinations, the LR was extremely high. For example, the LR at node 5 for mode 2 is approximately 12,751, indicating
an almost negligible vibration amplitude at this location. Although mode 2 was not considered in this study, it is reasonable
to assume that if a TVA were placed at this location to target mode 2, there would not be enough energy transfer for a TVA
to have a significant impact on the BA’s response. It is therefore recommended that designers calculate the LR to determine
feasible/desirable attachment locations on the host structure for their mode of interest. Doing so allows one to eliminate
impractical attachment locations where a TVA would not be able to effectively absorb energy from the host structure.

2. Perform a directional study to determine effective TVA oscillation directions.
The effectiveness of a TVA can vary greatly depending on the direction of oscillation of the TVA mass. In this study, the
SDoF TVA directional analyses showed that when targeting mode 1, in most cases, the greatest amplitude reduction was
achieved when the TVA mass oscillated in the x-direction (except at node 5), and rarely had any effect when oscillating
in the z-direction. Furthermore, a TVA’s effectiveness with respect to oscillation direction will differ based on the targeted
mode. For the BA, modes 2 and 4 have mode shapes which involve motion in the z-direction, whereas mode 1 did not (see
Fig. 17). Therefore, when targeting modes 2 or 4, a TVA oscillating in the z-direction may be more effective.

Fig. 17 From left to right, modes 1 through 4 of the BA. The green to red color gradient represents the minimum to
maximum displacement gradient, respectively.

For some structures, the choice of oscillation direction is intuitive; if the structure itself oscillates primarily in one
direction, that same direction will likely be the optimal choice for the TVA mass’ oscillation. This was the case for the BA,
where the mode shape associated with mode 1 clearly shows the largest displacement in the x-direction. Consequently, x-
direction oscillators were almost always the most effective in this case. However, more complicated host structures may have
mode shapes with no obvious primary direction of displacement. Furthermore, there may be oscillation directions that would
be preferred, but are not feasible due to geometry or other placement constraints. In these instances, a thorough study of the
effectiveness of various oscillation directions is recommended to ensure sufficient energy transfer from the host structure to
the TVA.

3. Evaluate the effect of mass loading on the host structure.
In this study, it was found that increasing the amount of dead mass (for the same placement location) decreased the natural
frequency of the combined system when the TVA acts a rigidly attached mass (e.g., see linear “stuck” and “No TVA” curves
in Fig. 12). For the TVA presented in this work, targeting a lower natural frequency meant increasing the oscillating mass
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(see Eq. 12). As such, as the dead mass was increased, the oscillating mass was also increased to compensate for the resulting
change in target frequency due to this mass loading effect. Because a heavier TVA is often undesirable for many applications,
such as for aerospace structures where mass is typically sought to be minimized, it follows that designers should understand
the mass properties of their TVAs and seek to minimize, or utilize, dead mass where possible, and if necessary, account for
potential mass loading effects on overall system dynamics.

4. Account for stiffening effects in combined system dynamics due to TVA mounts.
For the high-LR areas in this study (i.e., at nodes 4 and 5), the addition of the TVA increased the combined system natural
frequency when the TVA acts as a rigidly attached mass (e.g., see the linear “stuck” and “No TVA” curves in Figs.13
and 14). This is a counterintuitive result, as adding mass is often expected to decrease natural frequency as discussed in
design consideration 3. The increase seen for TVA placement at nodes 4 and 5 is due to a stiffening effect caused by the
TVA’s mounting mechanism as illustrated in Fig. 18.

Fig. 18 Structure thickness with, h, and with-
out, h0, TVA mounts, illustrating effective in-
crease in thickness due to TVA mounts (attach-
ment at node 4 shown).

Considering the area moment of inertia equation for a beam with a rect-
angular cross-section, I = bh3/12, the BA’s area moment of inertia about
its bending axis for mode 1 is significantly increased with the introduction
of the TVA’s mounts. This stiffening effect dominates in comparison to
the mass loading effect at high LRs, leading to an overall increase in the
combined system’s natural frequencies. It follows that designers should
understand the stiffening effects of their TVAs and seek to minimize, or
utilize, the impact of their mounting mechanisms.

5. Ensure the TVA is tunable with respect to target natural frequency and
friction contact parameters.
TVAs that use friction-based energy dissipation mechanisms are sensitive
to many factors, some of which are addressed in this study (i.e., TVA place-
ment, mass, friction coefficient, and normal force). As shown, this is es-
pecially true for placements at locations with high LRs (e.g., see Fig. 16).
Designing a TVA such that one can adjust these properties based on empir-
ical effectiveness is desirable when optimizing for a selected performance
metric. In the case of the presented TVA design, tunability also came with the benefit of repairability due to the replaceable
acorn nut. This allows for greater longevity of the overall component. Tunability was achieved in this study via the features
portrayed in Fig. 19.

Fig. 19 Tunable features of presented TVA.

6. Tune with respect to the performance metric that best applies to the host structure’s operational environment.
Operational environments that can vary dramatically will significantly impact TVA behavior and effectiveness. Understand-
ing the nature of the loads the host structure will experience is crucial to optimizing a TVA’s performance. There are several
considerations in choosing the best suited performance metric, whether it be from those detailed in this study or one of the
designers’ choosing. Examples of considerations include, but are not limited to, variety in environmental loading conditions,
load frequency band, frequency sweeps encountered during startups and shutdowns, and desired level of vibration absorp-
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tion, among others. It is recommended that a metric tailored to the operational environment be chosen, and that the TVA is
iteratively tuned as needed to achieve optimal performance.

7. Perform a fatigue analysis to evaluate TVA lifespan within a given operational environment.
Though not shown in this study for brevity, a fatigue analysis is a crucial step that should be performed prior to manufacturing
a TVA. An understanding of the anticipated stresses experienced by a TVA during operation will aid designers in predicting
the TVA’s longevity and scheduling routine repairs/replacement of the TVA or its components.

Future Work

While this study did not consider a physical realization of the TVA, the manufacturing of this TVA would likely reveal
insights that could justify (or call into question) the design choices made in this study, and thus give rise to new design
considerations. Furthermore, experimental testing of this TVA design would be necessary to corroborate the simulation
results and confirm the effectiveness of the TVA. Both steps – the building and testing of the proposed TVA – would further
authenticate and inform any augmentations to the design considerations proposed herein.
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Appendix

This section details the step-by-step derivation of the analytical equation, Eq. (12), used to guide this study’s initial TVA
design efforts. A sketch of a simplified configuration used to model the presented TVA design is given in Fig. A.1.

Fig. A.1 Simplified sketch of single flexure with center mass.

The governing equations (considering a local frame) are given by:

ρAUtt + EIUxxxx = 0, for 0 ≤ x ≤ L

2
(A.1)

ρAVtt + EIVxxxx = 0, for
L

2
≤ x ≤ L (A.2)

where ρ is the mass density per unit area, A the cross-sectional area, E the Young’s modulus, I the area moment of inertia
about the out-of-plane axis in Fig. A.1, L the length (not including the portion attached to the oscillating block), m the mass
of the oscillating block, and U(x, t) and V (x, t) the respective displacement of the flexures on either side of the oscillating
block.

Applying fixed boundary conditions at x = 0 and x = L and compatibility conditions at L/2 yields the following
relations:
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U (0, t) = Ux (0, t) = 0 (A.3)
V (L, t) = Vx (L, t) = 0 (A.4)
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2
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)
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L
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(Assume) EIUxxx

(
L

2
, t

)
= P (A.7)

(Assume) EIVxxx

(
L

2
, t

)
= −P (A.8)

Considering the static problem (i.e., U (x) and V (x) no longer consider a time dependency) and enforcing defined
boundary and compatibility conditions gives:

EIUxxxx(x) = 0, for 0 ≤ x ≤ L

2
(A.9)

EIVxxxx (x) = 0, for
L

2
≤ x ≤ L (A.10)

U (0) = Ux (0) = 0 (A.11)
V (L) = Vx (L) = 0 (A.12)
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(A.13)

Ux

(
L

2

)
= Vx

(
L

2

)
= 0 (A.14)

(Assume) EIUxxx

(
L

2

)
= P (A.15)

(Assume) EIVxxx

(
L

2

)
= −P (A.16)

The solution forms for U (x) and V (x) considering integration constants a, b, c, and d for U(x) and e, f, g, and h for
V (x), respectively, are:

U (x) =
1

EI

(
1

6
ax3 +

1

2
bx2 + cx+ d

)
(A.17)

V (x) =
1

EI

(
1

6
ex3 +

1

2
fx2 + gx+ h

)
(A.18)

Applying boundary conditions in Eqs. (A.11) and (A.12) for Eqs. (A.17) and (A.18) gives:

U (0) → d = 0; Ux (0) → c = 0 (A.19)

V (L) =
1

EI

(
1

6
eL3 +

1

2
fL2 + gL+ h

)
= 0 (A.20)

Vx (L) =
1

EI

(
1

2
eL2 + fL+ g

)
= 0 (A.21)

Implicitly using Eq. (A.19) and applying the compatibility conditions in Eqs. (A.13), (A.15), and (A.16), respectively,
gives:
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(A.22)

EIUxxx

(
L

2

)
= a = P (A.23)
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Similarly, substituting Eqs. (A.17) and (A.18) into Eq. (A.14) respectively gives:
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]
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Equations (A.20), (A.21), (A.22), (A.25), (A.26), and (A.23) can be written in matrix form (not including c = 0 and
d = 0 from Eq. (A.19)) as: 
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Solving Eq. (A.27) yields the non-zero integration constants:

a = P ; b =
−LP

4
; e = −P ; f =

3LP

4
; g = −L2P

4
; h =

L3P

24
(A.28)

where a and e are also in agreement with Eqs. (A.23) and (A.24), respectively. Substituting the integration constants in
Eqs. (A.19) and (A.28) into Eqs. (A.17) and (A.18) respectively gives:
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24
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Considering a unit applied load F = 1 at the mass location x = L/2 (corresponding to shear P = −1/2) and solving
for stiffness k(x) when evaluated at x = L/2 yields:

k

(
L

2

)
=

F

U
(
L
2

) =
192EI

L3
(A.31)

One can note that assuming the flexures are massless and completely dictate the TVA stiffness, Eq. (A.31) is equal to
the fixed-fixed beam stiffness at the mass location where max deflection occurs. Lastly, using the expression for k (L/2) in
Eq. (A.31) to calculate the structure’s fundamental frequency f1 (not the integration constant f ) gives Eq. (A.32) which is
equal to Eq. (12):

f1 =
1

2π

√
2k

m
=

1

2π

√
384EI

L3m
(A.32)

where k = k (L/2) in Eq. (A.31). Note that because there are two flexures acting in parallel for the actual TVA design, an
overall stiffness of 2k is considered in Eq. (A.32).



Chapter 20Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Topology Optimization of Isolated Response Curves
in 3D Geometrically-nonlinear Beam

Enora Denimal Goy, Yichang Shen, Samuel Fruchard, Adrien Mélot, and Ludovic Renson

Abstract Topology optimisation is a powerful tool for designing efficient and light structures. However, classical topology
optimisation methods (SIMP, LSF), which are gradient-based, are not adapted to deal with nonlinear vibrations in the con-
text of geometrical nonlinearities as the simulation of such systems is computationally expensive, and the strong nonlinear
behaviour makes the objective function non-convex with many local minima. The present work investigates the potential of
using global optimisation methods to topology optimise those structures. To provide more robust nonlinear features in the op-
timisation, the bifurcations are directly tracked and optimised. The strategy is applied to a 3D finite element model of a beam.

Keywords Bifurcation · Topology optimisation · Global optimisation · Geometric nonlinearities · Reduced-order Model

Introduction

A major transformation in design methods for mechanical structures (transport, aeronautics, space, etc) is taking place in
order to continue to make them lighter and increase their performances while benefiting from the arrival of new technologies
such as 3D printing. Optimising the dynamics of these structures is becoming extremely complex due to the intrinsic presence
of non-linearities leading to dynamic phenomena rarely observed in industrial mechanical systems. For example, in the
presence of non-linearities, the dynamics of structures can exhibit bifurcations.

Previous studies have focused on the structural and topology optimisation of mechanical structures to limit the level of
amplitudes or avoid bifurcation behaviour in the context of localised nonlinearities [1–3]. The present work has for objective
to expand these works to the context of geometric nonlinearities. Such nonlinearities imply a significant increase in the
computational cost, making the use of reduced-order models (ROM) as well as efficient optimisation techniques crucial.
In [4], the authors employed gradient-based optimisation for nonlinear resonances mitigation in the context of geometrical
nonlinearities, yet the approach is limited to structures composed of beams and can only do shape optimisation.

In this work, a framework is proposed to perform topology optimisation of geometrically nonlinear structures to control
the appearance of bifurcations for 3D structures. For each new geometries, a ROM is constructed to solve the nonlinear
problem and bifurcations are tracked. To reduce the computational cost of the optimisation, a global optimisation algorithm
coupling the CMA-ES to the PSO is proposed. The topology is parametrised with the Moving Morphable Component [5]
framework and unconnected geometries are removed in the optimisation loop to reach higher efficiency.
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Université Gustave Eiffel, Inria, COSYS-SII, I4S, Campus Beaulieu, Rennes, France
e-mail: samuel.fruchard@inria.fr; adrien.melot@inria.fr

© The Author(s), under exclusive license to River Publishers 2025 157
Ludovic Renson et al. (eds.), Nonlinear Structures & Systems, Vol. 1, Conference Proceedings
of the Society for Experimental Mechanics Series, https://doi.org/10.13052/97887-438-0146-7 20

enora.denimal-goy@inria.fr
yichang.shen@imperial.ac.uk
l.renson@imperial.ac.uk
samuel.fruchard@inria.fr
adrien.melot@inria.fr
https://doi.org/10.13052/97887-438-0146-7_20


158 E. D. Goy et al.

Methodology

Geometric Nonlinearity & Model Reduction
In the design of thin structures, geometric nonlinearity plays an important role because of the large deflections that they
exhibit and the resulting complex nonlinear phenomena. Finite element (FE) simulations are frequently employed to predict
the nonlinear response. A large number of elements is usuallu needed to obtain a converged discretization. As a consequence,
full-order nonlinear analysis of complex structures featuring important nonlinearity is computationally expensive, setting a
clear limitation in terms of analysis and parametric design. To address this challenge, one can transform the full-order model
by reduction methods, leading to a Reduced-order model (ROM) with less computational complexity. An ideal ROM should
accurately capture the nonlinear behavior and characteristics of the full-order model with minimal approximation error while
remaining computationally efficient.

Invariant-manifold-based techniques for model reduction of nonlinear mechanical systems have been explored in recent
years [6]. These methods ensure the ROM’s trajectories are consistent with those of the full-order system due to the invariance
property, and thus provide mathematically rigorous model reduction for nonlinear systems [7]. In this work, the Direct
Normal Form (DNF) approach [8] was applied to obtain the ROM of the FE models. The approach allows direct computation
of the nonlinear mapping enabling it to pass from the physical space (dofs of the FE mesh) to lower-dimensional invariant
manifolds. The nonlinear mapping between the physical and reduced coordinates derived by the DNF methods reads:

q =

n∑
i

ϕiXi +

n∑
i=1

n∑
j=1

āijXiXj +

n∑
i=1

n∑
j=1

b̄ijẊiẊj +

n∑
i=1

n∑
j=1

c̄ijXiẊj , (1)

where n is the number of master modes used to build the ROM, vector q is generalized displacements at the nodes, and
Xi together with its velocity Ẋi are the coordinates used to span the i-th invariant manifold, ϕi is the eigenvector and āij ,
b̄ij and c̄ij are second-order tensors. The reduced dynamics is then given by the normal form of the problem, up to the
second-order, by taking into account the Rayleigh damping C = ζMM+ ζKK with an assumption of small damping ratios
on the master modes. It reads, ∀ p = 1, ...m:

Ẍp + (ζM + ζKω2
p)Ẋp + ω2

pXp +

n∑
i=1

n∑
j=1

n∑
k=1

(Ap
ijkXiXjXk +Bp

ijkXiẊjẊk + Cp
ijkXiXjẊk) = Fp, (2)

where the coefficients Ap
ijk, B

p
ijk, C

p
ijk arise from the cancellation of non-resonant quadratic terms. The full expressions of

the tensors and coefficients in Eqs. (1, 2), which are not given here for the sake of conciseness, can be found in [8]. Figure 1
shows an example of reduced-order modeling of a clamped beam discretized with 3D elements and the corresponding
backbone curves computed by using ROM.

Fig. 1 Left: The clamped beam discretized with 3D elements. Right: Backbone curves of the first mode computed by
the ROM
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Fig. 2 Example of topology with the 3D MMC framework

Bifurcation detection and optimisation
A computational framework based on the harmonic balance method is employed to compute the dynamic response. Hill’s
stability analysis is performed to detect and locate the potential bifurcations. Similarly to [2], the objective function for the
optimisation is based on a bifurcation measure, able to handle multiple bifurcations and to locate them at chosen frequency
and/or amplitude levels. It is written as follows:

f(T ,P(θ)) = |T − P |Ψ(θ) +
1

|T |
∑
τ∈T

∏
πθ∈P

∣∣∣∣π(θ)− τ

τ

∣∣∣∣1/|P|

(3)

with T the set of target bifurcation, P(θ) the set of bifurcations predicted for the model parameters θ. The notation |T |
represents the number of elements in the set T .

Geometry Parameterisation
Traditional topology optimisation algorithms, such as SIMP or LSM, require the analytic definition of the gradient to ensure
reasonable computational time. As this information is unavailable in our case, and as the problem is nonlinear, non-convex,
with many local minima, the choice is made to go for global optimisation algorithms. As they are parametric, the Moving
Morphable Component (MMC) framework is employed here to ensure the parametrisation of the beam. Coupled to the global
optimisation algorithm, it was proven to be efficient in dealing with topology optimisation for nonlinear vibration mitigation
[1]. A 3D individual component is characterised by 9 parameters, which define explicitly a Level-Set Function (LSF) [5].
The global geometry is defined as the union of the unitary LSF. By moving, rotating, and shrinking each component, complex
topologies can be described. The LSF is then projected on the initial mesh to define the density field. An example of topology
obtained with the MMC framework is given in Figure 2.

Global Optimisation
The optimisation problem is non-convex with many local minima. For this reason, a global optimisation algorithm is consid-
ered. The strategy proposed here couples two algorithms, namely the CMA-ES [9] and the PSO [10]. A preliminary study
has been done on the case of linear vibrations, and it appears that the CMA-ES is very robust and efficient to reach approx-
imately the global minima, but then requires many model calls to reach the precise solution. On the other hand, the PSO
algorithm is very efficient when initialised near the optimal point. The solution proposed here couples the two algorithms.
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6. Touzé, C., Vizzaccaro, A., and Thomas, O. “Model order reduction methods for geometrically nonlinear structures: a review of nonlinear
techniques”. Nonlinear Dynamics, 105:1141–1190 (2021).
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Chapter 21Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Coupled Harmonic Balance based approach for the non-linear
dynamics of spur gear pairs

Giacomo Saletti, Giuseppe Battiato, and Stefano Zucca

Abstract Noise, Vibration and Harshness analyses are of great interest for the latest developments of the gearboxes of
electric vehicles. Gearboxes are now the main source of vibrations since electric powertrains are much quieter than internal
combustion engines. Traditionally, the simulation of the non-linear gears dynamics is studied by first performing a series
of preliminary static analyses to compute the static transmission error (STE). The STE (i.e. in the form of varying mesh
stiffness) is then accepted as the system’s excitation source to compute the dynamic transmission error (DTE). This paper
presents a novel approach to analyze the non-linear dynamics of gears which does not require any preliminary static analyses.
The method consists of a frequency domain approach based on the Harmonic Balance Method (HBM) and the Alternating
Frequency-Time (AFT) scheme, allowing for much faster simulations when compared to the widely used direct time inte-
gration (DTI). The contact between the teeth is modeled as intermittent, penalty based with varying gap. The time varying
gap between the teeth is initially approximated to a step function that guarantees the design contact ratio.

The methodology introduced is tested on a lumped parameter model of a spur gear pair already proposed and simulated
in the literature. The results obtained with the novel approach are compared with the DTI simulation of the model as refer-
ence. The excellent match between the different approaches validates the reliability of developed methodology.

Keywords Gear dynamics · Non-linear dynamics · Harmonic Balance Method · Alternating Frequency-Time · Transmission
error

Introduction

Gears serve as critical components in various mechanical systems, yet they are frequently subjected to issues such as vibra-
tions. These vibrations are detrimental as they can induce damage, generate noise, and lead to malfunctions. The primary
cause of vibrations in gears is the variation in contact stiffness, which fluctuates due to the changing number of teeth in
contact during gear rotation [1].

The issue is well known and has been studied systematically since the mid-1800s with the early work of Walker who
proposed a coefficient relating the static and dynamic loads operating on gears as reported by [2]. In the last century several
lumped parameters models have been developed for the characterization of gear dynamics [3], addressing torsional vibrations
[4], specifically teeth dynamics [1] and more in general geared rotor dynamics [5] where gears are often modelled as rigid
disks with inertia on flexible shafts.

More recent studies that focused on torsional gear dynamics are still utilizing simple models for their analyses, Parker
et al. [6] compared a single DOF model and a FE model in approximating the experimental dynamic response of a spur
gear pair, Ambarisha and Parker [7] developed an analytical model able to capture the complex dynamics of a planetary
gear when compared to its FE counterpart. In 2019 Dai et al. [8] proposed a hybrid analytical-computational approach that
integrates the accurate FE static analyses with a compact lumped parameters model that can both accurately simulate the
torsional vibrations of the gears and correctly capture the stresses on the teeth.

However, even dynamic analyses on lumped parameter models can require significant computational time if they are
performed by time integration of the equation of motion of the system. The response of the gears is measured once steady
state is reached, this requires performing the simulation of the initial transient until the response can be considered periodic.
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Trying to overcome the limitations of time integration, frequency domain approaches were introduced in the field of gear
dynamics. Harmonic Balance Method (HBM) allows for the determination of the steady state response without having to
solve for initial transient.

Some definitions are necessary for the following discussion in this paper. Transmission errors (TE) are defined as the
difference between the positions that perfectly rigid gears would occupy during ideal motion and the effective positions
occupied by flexible gears. The static transmission error (STE) is typically defined as the TE obtained through a sequence of
low-speed or quasi-static analyses on loaded gears [9]. The dynamic transmission error (DTE) is the counterpart of the STE
when calculated at high rotational speeds. Instead of the STE, some prefer to introduce the concept of mesh stiffness, which
is related to the ratio of the torque applied to the gears and the STE [6]. In practice, the STE and mesh stiffness provide
similar information.

Commonly the study of gear dynamics in the frequency domain is performed by first computing the STE and subse-
quently using it as a dynamic excitation to obtain the DTE [6, 10, 11]. Initially solving the system to obtain the STE can
be cumbersome, for large systems especially, moreover it represents an approximation because it assumes that the static (or
quasi-static) solution of the system is not affected by the dynamics of the system. In the field of turbo-machinery, where
HBM has been extensively applied, it has been proven that the uncoupled solution static-dynamic can lead to inaccurate
results. Coupled HBM was developed to allow for accurate predictions of dynamic responses of non-linear models with fric-
tion damping. Zucca et al. [12] used coupled HBM with an alternating frequency time (AFT) on lumped parameter models
with friction contact. They argue that considering the static and dynamic problem as uncoupled leads to inaccurate solution
when comparing to DTI simulations as reference.

In this paper the use of coupled HBM is extended to gear dynamics developing a method capable of overcoming the
differences between STE and DTE. The transmission error is obtained in a single analysis considering the coupling between
the static solution and the dynamic one. The simulation algorithm is enabled by the use of the Alternating Frequency Time
(AFT) approach [13]. During the Newton-Raphson iteration to solve the non-linear set of equations expressed in the fre-
quency domain, the AFT approach allows to momentarily move to the time domain to compute the non-linear contact forces
arising from the interaction between teeth pairs.

The methodology was implemented in a MATLAB script and the test system was solved making use of a continua-
tion method to help convergence around turning points, however, it was not possible to reach convergence over the whole
frequency ranges chosen.

The following sections will focus on:

• in section , Methodology, a comprehensive description of the proposed approach is presented, details on the numerical
solution strategy are also highlighted;

• in section , Results and Discussion, comparative analyses are carried out on a simple lumped parameter model. Non-
linear dynamic analyses are performed with both DTI (reference) and the developed methodology.

• In section , the final conclusions are drawn.

Methodology

The described approach is referred to as Coupled HBM and has been introduced in [12] for systems with dry friction
contacts. In this paper the method is applied to systems with clearance type nonlinearities, specifically to gear dynamics.
Several advantages of the methodology can be listed:

• Frequency domain approaches are faster than time domain approaches
• No preliminary static analyses are required
• No approximations/assumptions are required on the mesh stiffness
• Suitable for the integration with different contact models

The approach also presents some limitations:

• because of the clearance type nonlinearities, several harmonics might be required to obtain a converged solution
• The stiffness matrix can be singular for gear dynamics problems, leading to bad conditioning of the dynamic stiffness

and hard to obtain Newton-Raphson convergence.
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Fig. 1 Lumped parameters model

Single DOF model
The demonstration of the applicability of the method is performed through the introduction of a simple, lumped parameter
model. The introduced one (see Figure 1) was already studied in [6], when trying to approximate some available experimental
results. The model is composed of two gears with I1 and I2 moments of inertia, r1 and r2 base radii and T1 and T2 = T1r2/r1
the torques applied to the gear. Given that no torsional stiffness or damping constraint the rotational DOF of the gears, the
equations of motion can be written as:

I1θ̈1 + Fcr1 = T1 (1)

I2θ̈2 − Fcr2 = −T1r2/r1 (2)

From equations 1 and 2, the following set of equations can be easily obtained:

I2I1θ̈1r1 + I2Fcr
2
1 = I2T1r1 (3)

I1I2θ̈2r2 + I1Fcr
2
2 = −I1T1r

2
2/r1 (4)

Subtracting Eq. 3 from Eq. 4 is obtained

I1I2

(
θ̈2r2 − θ̈1r1

)
− Fc

(
I1r

2
2 + I2r

2
1

)
= −T1

(
I1r

2
2

r1
+ I2r1

)
(5)

I1I2
I1r22 + I2r21

(
θ̈2r2 − θ̈1r1

)
− Fc + T1

I1r
2
2

r1
+ I2r1

I1r22 + I2r21
= 0 (6)

Introducing the TE as the relative DOF between the gears x = θ2r2− θ1r1 and introducing a damping term proportional
to ẋ, the equation of motion can be expressed in the form:

I1I2
I1r22 + I2r21

ẍ+ Cẋ− Fc + T1

I1r
2
2

r1
+ I2r1

I1r22 + I2r21
= 0 (7)

Mẍ+ Cẋ− Fc + Fext = 0 (8)

The external excitation is collected in the Fext term, it is directly dependent on the torque T1 applied to the first gear.
The external excitation is generally a periodic function known a priori.

Fc is the contact force being exchanged between the teeth of the gears. In the most general case, Fc is a non-linear
function of time (t), the transmission error (x) and its derivative (ẋ).

Considering the gears rotating at a constant angular speed ω′, once steady state is reached, every point of the gears will
occupy the same position after a T ′ = 2π/ω′ time period. However, considering the geometrical periodicity of the gears,
already after a period of T = 2π/zω′ with z the number of teeth, the gears are in an equivalent position. Consequently, the
contact forces are also periodic with the same period T and the effective pulsation of the system is ω = zω′.



164 G. Saletti et al.

The displacement and forces in equation 8 can be expressed as Fourier series:

x (t) =

H∑
h=0

x̃he
jhωt (9)

Fext (t) =

H∑
h=0

F̃ext,he
jhωt (10)

Fc (t, x, ẋ) =

H∑
h=0

F̃c,he
jhωt (11)

The quantities x̃h, F̃ext,h and F̃c,h are the complex Fourier coefficients associated with the hth order, j is the imaginary
unit. The series are truncated at an arbitrary order H .

Equations 9, 10 and 11 are substituted in equation 8 and the HBM is enforced. The equation for a generic order h is:(
−h2ω2M + jhωC

)
x̃h − F̃c,h + F̃ext,h = 0 (12)

The generic model presented in Figure 1 can be simulated using direct time integration (DTI) solving equation 8 or it
can be solved in its frequency domain expression (equation 12) using non-linear solution methods (e.g. Newton-Raphson)
with Alternating Frequency Time scheme (AFT) [13].

The AFT scheme starts from a given guess value of the Fourier coefficients of the generalized displacements. The
displacements are then expressed in time domain over a single period via the Inverse Fast Fourier Transform (IFFT). The
contact model allows to obtain the contact force evolution over time given the evolution of the generalized displacements. The
sequence of generalized contact forces is eventually expressed back in the frequency domain via the Fast Fourier Transform
(FFT), thus obtaining the Fourier coefficients of the contact forces F̃c,h for the different harmonics retained in the HBM.

If the residual of the equation of motion is still too large, a new guess of the Fourier coefficient of the generalized
displacements must be provided. The iterations proceed until the residual of the equation of motion can be considered
sufficiently small.

Contact model
A contact model is required to express Fc as a function of time (t), the transmission error (x) and its derivative ẋ. This
model can then be used as is in the different formulations of the problem (time domain or frequency domain).

Considering the rigid rotation and mating of the gears, the contact ratio cr > 1 defines the average number of teeth in
contact during a period of the motion. The varying number of teeth in contact leads to changes in the equivalent stiffness of
the contact which represent the source of dynamic excitation in the studied model. Moreover, the vibrations induced by this
phenomenon can lead the teeth on opposing gear to close or open the contact in a different instant than the rigid case. The
proposed contact model wants to mimic this behavior.

The basic idea is that, during one period of the rigid rotation of the gears a couple of teeth will be either in contact or not.
The contact status (open or close) depends on the relative distance between the teeth. This is distance is referred to as gap.

The gap between two teeth can be either zero or a positive value. The relative position of the contact points x =
θ2(t)r2 − θ1(t)r1 is positive if they tend to separate and negative if they tend to interpenetrate. A clearance type contact is
defined in the form of {

Fc(t) = −kc (x (t) + gap (t)) if x+ gap < 0

Fc(t) = 0 if x+ gap ≥ 0
(13)

where kc is the contact stiffness. The contact status is fully dependent on the total relative position of the contact at every
time step. This contact model allows the system to find an equilibrium considering both the static and dynamic components
of the response.

Considering a model with contact ratio cr = 1.75, during one (rigid) rotation period of the gears, three couples of teeth
will be in contact with each other at a certain point. Considering the representation in Figure 2, the central couple of teeth
will be in contact for the entire rotation period, the high couple of teeth will start as separated and will enter contact after
some time. On the contrary, the low couple of teeth will start in contact and will separate as the rotation continues.

To consider the interactions between the teeth described, the system presented in Figure 1 is completed in Figure 3
including three contact elements representing the couples of teeth.
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Fig. 2 Teeth in contact

Fig. 3 Gears with contact elements

The gap operating in the different contact elements will vary over time. As a first approximation a step function is
introduced (Figure 4), the gap for all the teeth is set to 0 when the teeth are in contact and to 1 when they are open. The
gap jumps are set to enforce the design contact ratio. The approximation of the gap variation as a step function is not
representative of the real behavior of the teeth contact, the results obtained with this model will not be quantitatively close to
any experimental results possibly available. However, since the scope of this paper is to show the applicability of the coupled
HBM to the simulation of gear dynamics having an accurate contact model is not a requirement. In future work, effort will
be put into this aspect to improve the quality of the results and to investigate the applicability of the methodology to more
representative models.
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Fig. 4 Gap variation for the different contact elements

Results and discussion

The model considered for the following analyses considers a couple of identical gears. The equation 7 can then be simplified
as follows:

I

2r2
ẍ+ Cẋ− Fc + T

1

r
= 0 (14)
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Table 1 System parameters.

I (Kg/m2) r (m) C (Ns/m) z cr φ kc (N/m)
0.0158 0.0705 4038.2 50 1.75 20° 2.6e8

Where the parameters considered are collected in Table 1.
To validate the methodology proposed, the reference results are obtained by direct time integration of the system ex-

pressed in equation 14. The solutions are obtained implementing as a MATLAB algorithm the Newmark method with
β = 0.5 and γ = 0.25 [14]. The simulation is carried out until steady state is reached.

Non-linear forced responses

Different analyses are performed for multiple levels of constant torques (T ) applied, namely 100 Nm, 200 Nm and 300 Nm.
The number of harmonics considered in the MHBM solution is H = 14. Since the system has only one degree of freedom
(DOF), it is possible to simulate it using a large number of harmonics, although good results could be obtained by retaining
fewer harmonics. It was also intention of the authors to properly capture the contact force behavior, considering that the
unrealistic step gap function induces instant changes in the contact status leading to steep gradients of the contact stiffness
during the rotation of the gears.

In Figure 5 the non-linear forced responses of the system are presented; the jumps phenomena are highlighted by black
arrows. The HBM simulations are performed implementing a continuation method, however, it was hard to obtain the unsta-
ble branches of the response. The simulations for both DTI and HBM are carried out starting from the lowest frequency of
the range (forward, “forw”) and from the highest as well (backward, “back”).

The different simulation methods are in excellent agreement with each other. All the peaks are predicted accurately both
in terms of amplitude and frequency. The jump phenomena typical for this kind of systems are predicted accurately by the
HBM simulations.

A slight difference seems to be present around the jump of the first super-harmonic (around 1250 Hz), in that region the
continuation method struggled to obtain a converged solution due to the presence of an unstable branch of the response. The
apparent difference is in fact due to the missed convergence of the numerical solution.

In Figure 6 a comparison of the non-linear forced responses is presented. It is worth noting that the different responses
seem to be scaling linearly with the constant torque applied. This effect is not present in more accurate simulations or in the
experimental results available in the literature [6, 15]. Typically, the increase of the constant torque level tends to “linearize”
the system, resulting in less softened peaks. In fact, high levels of constant torque counters the complete separation of the
teeth at excitation frequencies close to resonance.

The presented system does not completely capture this behavior as a consequence of the simplified contact modelling.
More realistic contact modelling will be introduced in future work, to both improve convergence of the solution method and
increase accuracy of the results obtained with respect to experimental results available in the literature.
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Fig. 5 Non-linear forced responses of the system simulated with DTI and HBM with different static torques applied
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Fig. 6 Non-linear forced responses comparison for different torque levels

Contact force

In this sub-section, a specific focus on the contact quantities is presented. The accuracy of the proposed methodology is
assessed by comparison of the contact force and equivalent contact stiffness in the HBM and DTI simulations. The following
comparisons are performed for the case with T = 100 Nm constant torque applied, but equivalent results were obtained for
the other cases.

In Figure 7 the plots associated with an excitation frequency of 3250 Hz are presented. Being relatively far from the
resonances, the response at regime for a single period is close to a sinusoidal signal (on the left). The simulation carried
out with the proposed methodology (HBM) and with the time integration (DTI) are in very good agreement. On the right
side the computed contact force is presented, the steep changes are associated with the gap jumps shown in Figure 4. The
instantaneous ratio between the contact force and the response is defined as the mesh stiffness, this quantity is plotted
associated with the contact force. The mesh stiffness for this case is a step function that varies between kc and 2kc, giv-
ing an indication on the number of contact elements (see Figure 3) operating at each time step. Both the mesh stiffness
and the contact force are simulated remarkably well by the HBM solution method when compared to the DTI standard
approach.

The same comparisons are presented for other significant excitation frequencies, in Figure 8 the focus is on 1250 Hz.
Specifically, at the resonance frequency of the first super-harmonic, the displacement response presents two peaks. The
mesh stiffness obtained for this excitation frequency shows three distinguished levels, for some time steps the stiffness is
zero, which means that the two gears are completely separated and they are not exchanging any force. This effect is given
by the dynamics of the system that is producing vibration levels high enough to open the contact.

In Figure 9 and Figure 10 the results at the main resonance’s frequency are presented. At this frequency two stable results
are possible, the response with the highest amplitude is presented in Figure 9, while the one with the lowest amplitude is
presented in Figure 10. The response in Figure 9 is mainly mono-harmonic, the contact force reaches the highest values
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Fig. 10 Response, contact force and mesh stiffness at 1850 Hz, lower response level

of the frequency range and, for a significant portion of the period, separation occurs. While, in Figure 10, the response
shows a non-neglectable contribution of the second harmonic. The mesh stiffness has assumed again the form it has far from
resonance (as already seen in Figure 7), but in this case the contact force signal presents two peaks given that the excitation
frequency of interest is closer to the first super-harmonic.
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Conclusions

A new approach to the analyses of spur gear pairs is presented in this paper. The already well-established Harmonic Balance
Method in its coupled static-dynamic formulation is extended to the equation of motion of a lumped parameters model of a
spur gear pair. A solution scheme is proposed making use of the Alternating Frequency-Time method. The AFT allows to
compute the non-linear contact forces moving temporarily to the time domain via a IFFT of the generalized displacements.
Subsequently the Fourier coefficient of the contact forces are obtained with the FFT of the single period time signal of the
contact forces.

A contact model is required to express the contact force as a function of the generalized displacements and its derivative.
A basic penalty-based contact model is introduced defining a time varying gap between the teeth.

The formulation obtained allows to simulate the system in the frequency domain without the need for any preliminary
static analysis.

In the results section, multiple non-linear responses are presented comparing the responses amplitudes obtained with the
Newmark method and with the proposed methodology. The comparison holds for all the frequency range considered.

Contact force, mesh stiffness and one period responses are also compared at specific frequencies. HBM and DTI show
overlapping results for all the cases.

Coupled HBM proved to be an effective alternative to DTI for the simulation of simple lumped parameters models.
The results obtained are not close quantitatively to the experimental behavior of the modeled gears, however other studies
(see [8]) have shown that lumped parameters model can simulate real components as long as an accurate contact model is
introduced.

The proposed methodology allows for the incorporation of various contact models without affecting the overall frame-
work. The authors plan to leverage this flexibility in future work by introducing more realistic contact models to enhance the
accuracy of the simple lumped parameter model in relation to actual spur gear pairs.
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Chapter 22Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Multi-level Stochastic Model Identification of Complex
Aeroelastic Systems Considering Aerodynamic Nonlinearities

Michael McGurk and Jie Yuan

Abstract This study investigates the nonlinearities in aeroelastic systems that lead to Limit Cycle Oscillations (LCO) below
the linear flutter threshold. We employ an adaptive multi-level data-driven model updating framework within a Bayesian
inference scheme, achieving up to a 20% improvement in accuracy over conventional methods. However, previous models
struggled to fully capture experimental data, particularly at high angles of attack, due to reliance on a quasi-steady linear aero-
dynamic model. To enhance model fidelity, we incorporate the nonlinear Beddoes-Leishman (B-L) model, which effectively
accounts for dynamic stall and vortex shedding. The resulting probabilistic bifurcation diagram successfully encompasses
all experimental data within 95% confidence bands, demonstrating significant improvement in accuracy compared to the
quasi-steady model. This study confirms the multi-level framework’s effectiveness in accurately representing experimental
behaviour through improved mathematical modelling.

Keywords Bayesian model updating · Beddoes-Leishman · LCO · Aeroelasticity

Introduction
Nonlinearities in aeroelastic systems can result in subcritical post-flutter responses, leading to self-sustaining oscillations,
known as Limit Cycle Oscillations (LCO), at velocities below the linear flutter threshold. These behaviours have been
experimentally observed in high-aspect-ratio flexible wings, and recent studies have identified subcritical LCO formation
in highly flexible wings during low-speed flutter experiments. Accurately validating mathematical models to capture these
nonlinear behaviours is, therefore, crucial. However, generating the bifurcation diagrams required to describe LCO behaviour
is often computationally expensive.

In previous work, an adaptive multi-level data-driven model updating framework was demonstrated, in which data-driven
models were developed and employed within a Bayesian inference scheme to obtain probabilistic estimates of nonlinear pa-
rameters and LCO behaviour [1]. This process was applied to a simple aerofoil test case with a structural nonlinearity in
the pitch degree of freedom and a linear quasi-steady (Q-S) aerodynamic model. The proposed methodology provided up to
a 20% improvement in accuracy compared to conventional deterministic methods, while significantly increasing computa-
tional efficiency in both the updating and uncertainty quantification processes when applied to a nonlinear aeroelastic test
case with experimental data.

Despite these improvements, none of the probabilistic responses fully captured the experimental data, indicating potential
noise or a mismatch between the mathematical model and experimental results, especially at high angles of attack. It is
hypothesised that this discrepancy arises from the use of a quasi-steady linear aerodynamic model, which fails to account for
nonlinear aerodynamic effects at high angles of attack. To address this, the nonlinear Beddoes-Leishman (B-L) model, which
accounts for dynamic stall and vortex shedding, has been employed [2]. The aim is to improve the agreement between the
probabilistic behaviour estimates and the experimental data. The B-L model has proven successful in low-airspeed analyses
and has shown the capability to capture high-amplitude nonlinear oscillations, while remaining relatively computationally
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efficient compared to alternative models [3]. In this study, the vortex shedding phase is of particular interest, as it can induce
additional lift [4]. In theory, this could lead to higher amplitude LCO at greater pitch angles and improve the fit of the data
to the bifurcation curves from the previous study. The new model also introduces more degrees of freedom, allowing this
study to further demonstrate the improved computational efficiency of the multi-level updating framework. Additionally,
the inclusion of aerodynamic nonlinearities enables the consideration of more nonlinear parameters in the model updating
process.

Methodology

The Beddoes-Leishman model, as outlined in [2], was applied to the two-degree-of-freedom structural model used in the
previous study [1]. This new model introduces additional complexity, expanding the system from a 6-degree-of-freedom
problem to a 16-degree-of-freedom system, by adding twelve aerodynamic states (denoted x1– x12) alongside the four
structural states. As in the previous study, a structural nonlinearity is introduced in the pitch degree of freedom (α), defined
by the two nonlinear parameters Kα2 and Kα3

fnl = Kα2α
2 +Kα3α

3

These were the only parameters estimated by the multilevel data-driven Bayesian framework in the previous case. How-
ever, with the introduction of a nonlinear aerodynamic model, we can now identify key nonlinear aerodynamic terms that
influence vortex-induced lift and estimate these terms as well. The primary aerodynamic state influencing the vortex shedding
phase in this study is x12, which represents the normal force coefficient due to vortex shedding. This acts as an additional
lift force during the vortex shedding phase and is evaluated with:

ẋ12 =

(
2V

c

)
−x12 + Ċv

Tv

Where V is the airspeed, c is the wing chord, and Tv is a time constant. Ċv is a derivative dependent on the constant Cα,
meaning the magnitude of the normal force due to lift is influenced by Cα. Another term that significantly affects the impact
of the vortex-induced lift force is Cn1. This term essentially defines the points in heave and pitch where vortex shedding
occurs. In summary, four key terms have been identified as having a significant influence on the shape of the bifurcation
diagrams: the structural terms Kα2 and Kα3, and the aerodynamic terms Cα and Cn1.

Results

The multi-level data-driven Bayesian framework was applied to the new model with the aim of estimating Kα2, Kα3, Cα,
and Cn1 over three levels of model updating based on the experimental points shown in Figure 1a [5]. The resulting scatter

(a) (b) (c)

Fig. 1 a) Control based continuation experimental data adapted from [5], b) Structural parameter scatter plots, c) Aerody-
namic parameters scatter plots
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plots for each level are shown in Figure 1. The mean estimates for Kα2 and Kα3 were 722.35 N/rad2 and 4762.8 N/rad3,
respectively, representing an increase of up to 23% compared to the results obtained using the quasi-steady aerodynamic
model. The mean estimates for Cα and Cn1 were 17.7 and 0.474, respectively. This reflects a 30% increase in Cα from the
value reported in ref [1] and a 12% decrease in Cn1.

The resulting probabilistic bifurcation diagram is presented in Figure 2a, showing that all experimental points are cap-
tured within the 95% confidence bands. When compared to the probabilistic results from the quasi-steady study in Figure 2b,
a significant improvement is evident, as 37.5% of the data in the previous model falls outside the confidence region. A com-
parison of the mean estimations from each model is provided in Figure 3. From Figure 3a, it is clear that the results from
the B-L model offer a better fit to the experimental data, particularly in the upper portion of the diagram, as anticipated. A
direct comparison of accuracy, shown in Figure 3b, demonstrates that the B-L model improves accuracy at every data point.
Both models capture the system’s behaviour well before the turning point; however, beyond this point, there is a noticeable
decline in accuracy for both models, although the BL model performs significantly better.

(a) (b)

Fig. 2 a) Probabilistic bifurcation diagram, b) Probabilistic bifurcation diagram comparison

(a) (b)

Fig. 3 a) Mean bifurcation diagrams, b) Mean bifurcation diagrams comparison
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Conclusion

The findings of this study demonstrate that when applying the multi-level framework to the B-L model, the behaviour
observed in the experimental data is captured with greater accuracy. The probabilistic bifurcation diagram successfully
encompassed all the data using the B-L model, and the mean plot showed improved accuracy at every point when compared
to the Q-S model. Further investigation is required to determine whether the aerodynamic parameters can be altered to such
an extent and whether this reflects the true aerodynamics of the system. However, what this study does confirm is that if the
mathematical model can represent the experimental behaviour, the multi-level framework will function effectively.
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Chapter 23Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Resonance Tracking of Nonlinear Structures by Amplitude
Controlled Sine-Dwell Testing

Gleb Kleyman, Hans-Jürgen Borutta, and Sebastian Schwarzendahl

Abstract Sine-dwell testing is a common methodology in high cycle fatigue (HCF) testing. During a sine-dwell test the
structure is excited with a single sine tone exactly at a resonance frequency until structural failure or sufficient time/cycles
passed. When the resonance frequency shifts due to accumulated damage or temperature changes the controller tracks the
resonance frequency by adjusting the drive frequency to maintain a defined phase relation between two channels.

Nonlinear systems are known to have modal parameters varying with the excitation amplitude. The evolution of the
resonance frequency over the excitation level is often referred to as the backbone-curve of a system. Backbone-curves can
provide useful insights into the physical mechanisms involved in the nonlinearity.

For many nonlinear structures, the backbone-curve can be experimentally determined using the sine-dwell method com-
bined with amplitude control. In this approach, the resonance frequency is tracked as the excitation level is increased step by
step. This iterative phase control technique is an extension of traditional sine-dwell testing and is now available in the latest
m+p VibControl software. It allows test engineers to better understand the nonlinear behavior of structures using familiar
technology.

This paper discusses the application of this method to a cantilever beam excited within an amplitude range where it ex-
hibits geometric nonlinear behavior. When excited using conventional amplitude-controlled sweeps, the system experiences
a jump phenomenon, with both resonance frequency and damping varying. It is demonstrated that these amplitude-dependent
modal parameters can be characterized through nonlinearity plots derived from data obtained during sine-dwell testing. These
results can be directly compared to classical methods, offering a reduction in testing time.

Keywords Resonance Tracking · Sine Dwell · Backbone-Curve · Phase Resonance · Nonlinear Modal Analysis

Introduction

Nonlinearities are a common occurrence in vibration and modal testing. It is likely that all practical engineering structures
exhibit some degree of nonlinearity. Typically, this nonlinearity results in modal parameters that change with load levels.
These modes require careful consideration, as the resonance may shift to critical frequencies when the excitation level
changes.

Various factors, such as structural joints, boundary conditions, and material properties, can be identified as sources of
nonlinearity [1]. However, geometric nonlinearity is often overlooked. Mechanical systems are classified as geometrically
nonlinear when the nonlinear effects arise solely from the system’s kinematics. In practical applications, slender structures
like beams tend to demonstrate geometrically nonlinear behavior when subjected to sufficiently large deformation ampli-
tudes, even though the strains and stresses remain within the linear elastic range. It has been demonstrated that, disregarding
modal interaction, plane beam systems can be represented as Duffing oscillators [2]:

mq̈ + dq̇ + kq − αq3 = f, (1)

Here, q represents the (modal) displacement, while m, d, and k denote the structural parameters. The term f corresponds
to the excitation force, and α represents the cubic stiffness term. In this context, it is important to differentiate between the
two primary types of geometrically nonlinear effects: (1) midplane stretching, which results from the coupling of transverse
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Fig. 1 Theoretical frequency responce curve vs. swept sine measurement of a cantilever beam

vibrations with longitudinal strain, and (2) nonlinear elasticity, arising from large cross-sectional rotations. The latter effect
tends to exhibit a softening behavior, which here is reflected as a negative nonlinear stiffness term in the Duffing model. In
the left subplot of Fig. 1, the frequency response curve (FRC) and backbone-curve (BBC) of a softening Duffing oscillator
are shown, estimated using the Harmonic Balance method [3]. The FRC is depicted as a solid black line, while the BBC is
represented by a dashed line. The unstable region is shaded in gray. For comparison, the right subplot presents the measured
response of a base-excited cantilever beam, where the base acceleration was maintained at a constant excitation level during
a swept sine test.

It can be observed that as the measured response approaches the upper bifurcation point, where the system typically loses
stability, the curve abruptly jumps from the upper to the lower stable branch. A similar phenomenon occurs in the opposite
direction at the lower turning point of the FRC (not shown in the figure). In both cases, the middle branch of unstable
solutions remains undetected. Traditional experimental modal analysis methods are insufficient to fully characterize such
systems due to the non-uniqueness of the frequency response. As a result, new approaches are required. Common alternatives
include using the backbone-curve or plotting the resonance frequency and damping as functions of the excitation amplitude
(nonlinearity plots).

With growing attention to the identification of nonlinear systems over the past two decades [4, 5], the automated extrac-
tion of backbone-curves has become increasingly desirable. In recent years, advanced control methods have been introduced
[6, 7]. These approaches are primarily based on two key principles: (a) stabilizing the system when it nears an unstable
oscillatory state, and (b) tracking the backbone-curve as the excitation level increases. It can be observed that the BBC ap-
proaches the unstable region at higher oscillation levels. Consequently, specialized nonlinear identification methods, such as
the previously mentioned PLL and CBC, incorporate time-domain feedback control to maintain stable oscillations at higher
levels. However, as noted in [8, 9], this classical control strategy is not always required, as the driving point position and
shaker properties can influence the instability region. When this is the case, a simpler frequency-domain approach, like the
one presented here, is sufficient for tracking the resonance frequency. In this method, a defined phase relationship between
two channels is maintained by iteratively adjusting the excitation frequency.

Experimental Setup and control strategy

A photograph and schematic representation of the experimental setup are shown in Fig. 2. The specimen used was a cantilever
beam with dimensions of 190x4x0.8 cm, base-excited in the horizontal direction. Both the acceleration of the base and the
beam were measured. The control system consisted of m+p VibRunner hardware and m+p VibControl 2.17 software. The
third bending mode of the beam was investigated, with a linear natural frequency of approximately 19.4 Hz. The beam is
made from a single piece of steel, with the only bolted connection being at the fixture to the shaker’s slip table, minimizing
frictional contacts. Hence, the observed nonlinear behavior is likely due to the large deflection, as discussed in the previous
section.

For phase control, a relative acceleration q̈ between the beam and the base was introduced. As explained in [10], a 90°
phase shift between q̈ and q̈base was selected as the control target. The relative phase is calculated from the fundamental
harmonics of these signals, and if it deviates from the reference phase, the excitation frequency is adjusted until the target is
achieved. The amplitude controller functions similarly. However, the reference value for the amplitude controller can be set
in a dwell table, allowing different excitation levels to be sequentially targeted during testing. This control strategy does not
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Fig. 2 Experimental setup of a base excited cantilever beam

inherently stabilize the system, as it operates in the frequency domain and cannot prevent the system from jumping between
stable branches if a disturbance occurs. However, by keeping the amplitude increments small between different levels, it
is possible to trace the backbone curve deep into the overhanging range, as the following results will demonstrate. Larger
amplitudes than those shown in Fig. 4 were not targeted due to concerns about the structural integrity of the system.

Experimental Results

Two types of measurements were conducted: (1) resonance tracking using the sine-dwell testing mode and (2) classical
amplitude-controlled swept sine excitation at various amplitude levels. The three subplots in Fig. 3 display the time records
of the two acceleration signals, along with the corresponding phase and frequency values over the entire duration of the
sine-dwell test. An initial frequency of f0 = 19.3 Hz was set. Starting from this frequency, the control algorithm initiates a
frequency sweep at the defined sweep rate to locate the targeted phase. Once the desired phase value is reached, the controller
locks onto it and maintains tracking for the remainder of the test duration, which was set to 120 seconds in this instance. The
relevant area is shaded in gray.

When the time period elapses, the next amplitude level is approached, with each level maintained for 90 seconds. This
duration could be extended to minimize variations in the BBC measurement caused by transients; however, the current
experiment was designed to minimize the overall testing time. After each increment, the resonance frequency is detuned, as
indicated by the individual peaks in the phase curve. The controller then adjusts the excitation frequency to restore the phase
resonance condition.

The left subplot of Fig. 4 displays the backbone curve (BBC), estimated from the results shown in Fig. 3, alongside the
frequency response curves obtained from base acceleration-controlled sweeps. To calculate the BBC, measurement points
were selected from the phase curve that fall within an interval of 88° to 92°. Each data point of the BBC represents an
average over the corresponding interval at a specific amplitude level. The sweeps were conducted in a descending frequency

Fig. 3 Time domain data of a sine dwell test for resonance tracking
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Fig. 4 Comparison of results from amplitude controlled swept-sine excitation and resonance tracking (backbone-curve)

Fig. 5 Nonlinearity plots

direction at five different amplitude levels. It is evident that the BBC accurately captures the resonance peaks of the frequency
response curves. Additionally, the resolution of the BBC is significantly finer due to the larger number of measurement points
compared to the number of sweep levels. Notably, the measurement time for obtaining the BBC through sine-dwell testing
is only half that of sequential sweep measurements.

The right subplot of Fig. 4 presents the transfer functions, obtained by dividing the output signals by their correspond-
ing input values. In engineering applications, the transfer function is often considered the most important characteristic of
a dynamic structure, as it defines the maximum response amplitude for a given excitation. Linear systems exhibit propor-
tional behavior, which means their transfer functions remain constant for different excitation levels. Therefore, in a three-
dimensional representation similar to Fig. 4, where different functions are plotted at the corresponding excitation levels, the
locus of resonance peaks in the amplitude subspace (shown as a gray curve) would appear as a horizontal line. However, this
is not the case for the nonlinear system in this example. Instead, amplification decreases with increasing excitation levels
within the examined range. Typically, a decreasing amplification factor in nonlinear systems is associated with an increasing
damping ratio. A potential explanation for the observed nonlinear damping was provided by [11] in a similar experimental
setup. Large amplitude vibrations can produce quadratic damping due to aerodynamic drag, which is negligible at smaller
amplitudes. Similar findings were also reported by [12]. Unfortunately, classical methods for estimating damping, such
as the half-power method, cannot be used to validate this theory due to the asymmetrical shape of the frequency response
curves. However, a novel approach for estimating nonlinear damping from phase-resonant base excitation tests was proposed
by [10]. Due to the extensive experimental effort involved, further investigations into the damping characteristics were not
conducted in this study but will be considered in future work.

If amplification can serve as an alternative measure for the modal damping of the system, nonlinearity plots can be gen-
erated from the collected measurement data, as illustrated in Fig. 5. In these plots, the resonance frequency and amplification
(the maximum value of the transfer function) are displayed against the excitation amplitude. This approach offers valu-
able insights into the nonlinear structural properties of the mode under investigation. In this particular example, a nonlinear
damping behavior emerged that was not considered in the mechanical model.
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Conclusion

This study successfully demonstrates the application of the sine-dwell testing method combined with amplitude control to ef-
fectively investigate the nonlinear behavior of a cantilever beam. By tracking the resonance frequency as the excitation level
is increased, the backbone-curve was measured, offering critical insights into the modal parameters that vary with excitation
amplitude. The results indicate that traditional modal analysis techniques may be insufficient for fully characterizing non-
linear systems due to their complex response characteristics. The findings also reveal a notable nonlinear damping behavior
that was not captured in the existing mechanical model, emphasizing the necessity for further refinement in future research.
Overall, the research provides valuable methods and insights for engineers and researchers who want to better identify and
model the complexity of nonlinear dynamic systems in practical applications.
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